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Abstract

This thesis is addressed to analog modeling of dynamical systems using fractional variable-
order calculus. Throughout this thesis, the dynamical systems, which can be effectively
modeled by fractional variable-order calculus, will be called the fractional variable-order
(dynamical) systems.

At the beginning, the particular types of fractional variable-order operators and their
equivalent switching order structures were introduced. It is worth to notice, that such
switching schemes can be used as interpretations of variable-order operators. Then, the
switching order structures corresponding to A,B,D,E-type operators were applied to de-
sign the dynamical systems. Further, based on variable-order analog models, the experi-
mental data were collected and compared to their numerical counterparts.

In order to create the analog models of variable-order systems, the fractional order
impedances were built as a domino ladder structure. The initial value of voltage occurring
at the impedance’s branches, can cause inaccuracies during experimental setup. To deal
with it, the method concerning the initial conditions in the recursive Griinwald-Letnikov,
D and E-type definitions, in the form of finite and infinite length, were proposed and
experimentally validated.

It was also shown, that presented in the thesis variable-order operators posses the
duality property. The duality property is understood as an appropriate composition of
two particular fractional variable-order operators, which for opposite value of orders gives
an original function. Moreover, the composition properties for the £-type operator with
fractional constant-order Griinwald-Letnikov definition from left- and right-hand side were

proved.

Keywords: fractional calculus, fractional order derivative, fractional variable-order deriva-

tive, analog modeling






Streszczenie

Niniejsza rozprawa traktuje o modelowaniu analogowym wybranych uktadéw dynam-
icznych z uzyciem pochodno-caltek niecatkowitego zmiennego rzedu. W pracy przedstaw-
iono wybrane definicje pochodno-catek niecatkowitego zmiennego rzedu oraz rownowazne
im schematy przetaczen. Warto podkresli¢, ze przytoczone schematy przetaczen prezen-
tuja zachowanie oraz mogg stanowié¢ interpretacje wybranych operatoréw. Nastepnie,
schematy przetaczen odpowiadajace poszczegblnym definicjom (A, B, D, £) pochodno-
catek niecatowitego zmiennego rzedu zostaly wykorzystane do realizacji modeli analo-
gowych wybranych uktadéw dynamicznych. Doktadnos$¢ zrealizowanych modeli analo-
gowych zostata poddana weryfikacji eksperymentalnej, a otrzymane wyniki poréwnane
z odpowiadajacymi im wynikami numerycznymi.

Dla uktadow catkujacych niecatkowitego statego, a w ogdlnym przypadku zmien-
nego rzedu, ktorych modele analogowe oparte sa na drabinkowej realizacji impedancji
niecatkowitego rzedu, bardzo istotne okazuje si¢ napiecie poczatkowe zgromadzone w jej
poszczegdlnych galteziach. Rozne wartosci tego napiecia potrafia znaczaco wplynaé¢ na
wyniki eksperymentalne. Uwzgledniajac ten fakt, dla rekurencyjnych postaci operatoréow:
Griinwalda-Letnikova, definicji typu D oraz definicji typu &, pokazano metody uwzgledni-
ajace podane warunki poczatkowe w uktadzie. Rozwazania teoretyczne zwigzane z warunk-
ami poczatkowymi zostaly takze zweryfikowane w badaniach eksperymentalnych.

Majac na uwadze, ze definicje niecatkowitego zmiennego rzedu nie speilniajg prawa
sktadania operatoréow, dla wybranego typu definicji przeanalizowano prawo sktadania op-
eratora z definicja niecatkowitego statego rzedu w postaci Griinwalda-Letnikova.
Udowodniono, ze lewostronne oraz prawostronne sktadanie tego operatora z definicja
statego rzedu nie sa tozsame, co prowadzi do znaczacych réznic. Jednoczesnie przytoczono
istotna wlasnos¢ prezentowanych operatoréw niecatkowitego zmiennego rzedu nazywana
dualnoscia. Wtasnosé ta powoduje, ze ztozenie dwoch odpowiednich (réznych) operatorow

o przeciwnych rzedach daje w efekcie funckje wejsciows.

Stowa kluczowe: rachunek rézniczkowy niecatkowitego rzedu, pochodna niecatkowitego

rzedu, pochodna niecatkowitego zmiennego rzedu, modelowanie analogowe
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Preface

The fractional calculus is understood as a generalization of classical, integer order differ-
entiation and integration onto arbitrary order operators. It is a theory of integrals and
derivatives with real and even complex orders. This idea owes its origin to great mathe-
maticians: Gottfried Wilhelm Leibniz and marquis de I’'Hopital, when they considered the
notation of half-order derivative in 1695. Two years later Leibniz in the letter to Bernoulli
presented the first possible definition of fractional order derivative. The overall concepts
of fractional calculus were published in [1, 13, 15, 16, 19, 21, 22, 24,3942, 55, 62, 60].

The revealing of special properties of fractional calculus in late 20th Century, caused
the engineers’ attention on this area. Engineers realized that, the fractional calculus can
be used as a convenience tool to describe and model the real applications in more accurate
way. Especially, the fractional calculus was successfully adapted in the area of diffusion
processes, where for example fractional order models were used to characterized the be-
havior of ultracapacitors and fuel cells [12, 14, 94, |. Moreover, based on fractional
order derivative the heat transfer process is well described in [, 23, 81, 95, , | and
in many others papers. Fractional calculus was also recognized in mechanical systems
modeling, e.g., results for electrical drive system with flexible shaft were presented in [30].

On the other hand, the fractional description of the plant forced the various approach
in control theory and its analysis. Thus, the plant could be modeled by fractional calculus
and controlled by fractional orders controllers [2, 9, 11, 28, 39, 45, 53, 61, 90, ]. The
practical realizations of fractional order PID controllers, where integral and derivative
5],

Simultaneously, to control methods the advanced algorithms, necessary to make ef-

actions can take non-integer orders, are investigated in [,

ficient implementations and identifications of fractional order systems were developed
[3, 5, 38, 41, 43, 44, 47, 83, 97]. Moreover, the numerical schemes for solving ordinary and
partial fractional order differential equations, based on matrix approach, were presented
in [46, 54, 56, 58].

A key issue of each fractional order system is highlighted onto interpretation of its ini-
tial conditions. Depending on definition, there exists a long memory effect, which leads to
many problems in real plant applications. In [25, 27] the distinction between two primary
in fractional calculus definitions—Riemann-Liouville and Caputo were investigated. In [63]

an interpretation of initial conditions based on internal state of the frequency distributed

X



fractional integrator model was given. Article [17] presents physical interpretation of ini-
tial conditions for different practical examples. The initialization issue of linear fractional
differential equations was deeply studied in [101].

Nowadays, a time-varying fractional order systems are intensively studied in a wide
range of areas. The variable-order differ-integrals are especially applied in branches with
varying nature of process. In [67], the fractional variable-order systems with temperature
influence to the order function were suggested. In [60], authors proposed a variable-order
differential equation of motion for a spherical particle sedimenting in a quiescent viscous
liquid. The particular type of fractional variable-order operators were introduced and suc-
cessfully applied to anomalous diffusion process in [958, ]. The fractional variable-order
equations are also popular in image processing. For example, in [59] the improvement al-
gorithm of the texture enhancement, which plays an important role in digital and medical
image processing, based on variable-order difference, were proposed. In [99], the fractional
variable-order differ-integrals were used to described a groundwater flow and environmen-
tal remediation. Moreover, the method of analyze a fractional order noise is presented
in [08]. Other applications of dealing with variable-order integrals and derivatives in con-
trol can be found in [18, 19, 50]. As long as we are spoken about fractional variable-order
systems we have to think about their numerical computation as well. In [79, 80, , ]
the fractional variable-order tools giving the possibilities to modeling the fractional con-
stant and variable-order systems were provided.

However, in [20, |, three general types of variable-order derivative definitions were
proposed. These definitions were given as a set of mathematics equations without clear
interpretation or explanation of their structures. Another papers [67, , , ]
present additional numerical realizations of fractional variable-order integrators and dif-
ferentiators. The dynamical properties of variable-order inertial and oscillation system
were presented in [10, 51].

Despite of many variable-order definitions, there is a confusion when particular type of
definition should be applied. It directly conveys a problem onto control systems designing,
because it is hard to implement an efficient control algorithm, with no structure knowledge
concerning the behavior of variable-order definition. This was my main motivation to work
on it and during studies the following papers [29, 31, 32, 33, 70, 71, 72, 73, 74, 75, 70,
| try to give an overview on fractional

) Y Y ) Y ) ) Y ) Y Y )

variable-order derivatives as switching order structures.

The main message of the thesis is the following:

“The particular types of fractional variable-order operators are equivalent
to switching order structures, which can be used to analog modeling of frac-

tional variable-order dynamical systems.”



This thesis is devoted to particular types of fractional variable-order derivatives and
their switching structures. Based on it, the fractional variable-order analog models corre-
sponding to appropriate switching schemes are designed and built. Then, the numerical
implementations of particular variable-order operators are compared to the experimental
data of analog models. The main chapters of the thesis consist of two parts. The first
one, presents the theoretical background of particular variable-order derivative. And, in
the second part, the theoretical considerations are experimentally validated.

In Chapter 1, the fundamental definitions of fractional constant-order differ-integrals
are presented. Additionally, the practical realizations of fractional order impedances used
in analog modeling of fractional order integrators are discussed.

Chapter 2 concerns the well-known Grinwald-Letnikov definition and its recursive
form. As a novelty, an identity between these two matrix forms is proved. Also, a method
for including initial conditions into recursive Griinwald-Letnikov operator is shown and
experimentally validated.

Chapter 3 contains the theoretical background of the most known and used A-type
fractional variable-order definition. Further, a multi-switching order scheme correspond-
ing to the A-type definition is introduced. Moreover, based on it, the analog model of
the A-type integrator is used in purpose to compare the experimental data and their
numerical implementations.

In Chapter 4, the B-type fractional variable-order definition is remind. Using the
switching order scheme corresponding to such definition, the analog models of the B-type
integral and inertial systems are realized and validated in experimental setup.

The two structures of analog models equivalent to the D-type definition are shown
in Chapter 5. It is worth to notice, that despite of not too much complicated structure,
the multi-swiching analog model allows to change the order in any desire time. Also, a
duality property between D and A-type definitions is discussed. The duality property is
a composition of two variable-order definitions, which for opposite value of orders gives an
original function. Next, considering the structure of half and quarter—order impedances,
the method for including initial conditions in the form of finite and infinite length is
given. Finally, both analog models are used to gather the experimental data for zero and
non-zero initial conditions and compare them with numerical results.

The most extensive Chapter 6 presents the recursive £-type operator with zero and
non-zero initial conditions in the form of finite and infinite length. Further, some prop-
erties of the £-type operator such as duality and composition with fractional constant-
order derivative based on its switching order scheme are given. The equivalence of the
E-type definition with corresponding switching scheme is proved and examined during
plenty of experiments. Deeply investigation of analog model is done by realization of the
variable-order integral and inertial systems. All achievements and unsolved problems are

summarized and discussed in the last chapter.
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Claims of Originality

The following novel contributions are made in this dissertation:

e Providing the switching order structure equivalent to the £-type factional variable-

order operator.

e Providing the method for involving the initial conditions into &-type fractional

variable-order operator in the form of finite and infinite length.

e Providing the order composition properties of the E-type fractional variable-order
operator with fractional constant order differ-integral from the left- and right-hand

side.

e Analog realization and experimental validation of the &-type fractional variable-

order integral and inertial systems.

e Experimental validation of the £-type fractional variable-order systems with initial

conditions in the form of infinite length.

e Analog realization and experimental validation of the B-type fractional variable-

order integral and inertial systems.

e Analog realization and experimental validation of the D-type integrator based on

its series switching order structure.

e Analog realization and experimental validation of the multi-switching (equivalent

to D-type) fractional variable-order integral and inertial systems.

e Proving the equivalence between classical and recursive Griinwald-Letnikov opera-

tors based on their matrix forms.

e Analog realization and experimental validation of the A-type fractional variable-

order integrator.
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the set of real numbers,

the n-fold cartesian product of R,

the set of n X m matrices with real entries,

the set of integer positive numbers,
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the one-parameter representation of the Mittag-Leffler function,

the two-parameter representation of the Mittag-Leffler function,

the Riemann-Liouville fractional a order integral of function f(t) in the
interval [a t],

the Riemann-Liouville fractional « order differ-integral of function f(¢) in
the interval [a ],

the Caputo fractional « order differ-integral of function f(¢) in the inter-
val [a t],

the Heaviside step function,

the identity square matrix of size k,

a second — unit of time,

a step time,

Volt — unit of voltage,

the floor of a (the greatest integer less than or equal to a),

the Z-transform of the signal difference of order « of variable f(t),

the Grinwald-Letnikov fractional constant-order « derivative (difference) of
f(t) (fi) function in the interval [0 ¢] ([0 I]),

the A-type fractional variable-order derivative (difference) of f(t) (f;) func-
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CHAPTER 1

Introduction to Fractional Calculus

The primary issue of this chapter is to give an overview onto well-known fractional
constant-order differ-integrals and to introduce the practical realization of half- and
quarter-order impedances. At the beginning, the important Gamma and Mittag-Leffler
functions are shown. Next, the differ-integrals according to Riemann-Liouvile and Caputo
definitions are presented together with their transfer functions. At the end of this chapter,

the realization of half- and quarter-order impedances are discussed.

1.1 The I'(z) function

The I' (z) function plays a significant role in fractional calculus and it is a factorial gen-
eralization onto real or complex arguments. The gamma function can be defined in the

Euler (integral) or limit form [55]:

Definition 1.1. The I' (x) function in the Euler form

[e.9]

['(z)= /tx_le_tdt (1.1)

0
where Re(x) > 0.
Definition 1.2. The I' () function in the limit form

. nn®
P =l e ) et n) (1.2)

where z € C.

The T (z) function posseses a very useful recursive property:
I(z+1) =al'(z).

As can be seen in Fig. 1.1, for negative values of x it is a discontinuous function.
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Fig. 1.1. The plot of I'(z) function.

1.2 The Mittag-Leffler function

The Mittag-Leffler function is a generalizaion of exponential function for fractional order

differ-integral equations [30, 37].

Definition 1.3. The two-parameters representation of the Mittag-Leffler function is

0 k
X
Eoc = E 3
o “—~ T'(ak + )

where o« > 0 and 3 > 0.

If B =1, the one-parameter representation of the Mittag-LefHler function is obtained.
Definition 1.4. The one-parameter representation of the Mittag-LefHer function

00
[Ek

E,.s=FE,; = -
& ! ;nakﬂ)

1.3 The Riemann-Liouville differ-integral

To achieve the Riemann-Liouville operator let us begin with Cauchy formula for n-fold

t ul Up—1
a[[‘f(t):/ dul/ du2~-/ duy, (1.3)

where n € N, and (a,t) are terminals of the integration.

integration [18]



The more concise form of (1.3) can be written as

1
(n—1)!

Using the I'(n) function property for factorial generalization, the following Riemann-

oA f(t) =

/at(t — )" f(T)dT.

Liouville fractional order (a > 0) integral can be defined

fLIt f(t) = m/a‘ (t — T) lf(T)dT, a > 0. (14)
As was shown in [55], (1.4) can be extended to differ-integral definition. Thus we have:

Definition 1.5. The Riemann-Liouville fractional order differ-integral

o 1 db ! o
BEDE(0) = el ) = ey [ =P @ (19

where c« €< k—1;k > and k € N.

Following by [55] the Laplace transform of Riemann-Liouville differ-integral can be

expressed by

s*F(s) for a <0

LD f(1)] = |
v s@F(s) — S21—0 sFEEDOTRLE(0)  for o > 0,

where j e Nand a €< j — 155 >.

Due to unknown physically interpretation of the fractional order initial conditions
occurring in Laplace transform of Riemann-Liouville operator, it carries out difficulties in
real applications.

Some addition properties of Riemann-Liouville operator can be found in [35, 39, 12, 55].

1.4 The Caputo differ-integral

To deal with initial conditions of fractional order differ-integral in real applications, the

Caputo differ-integral definition was proposed [0, 7]:

Definition 1.6. The Caputo fractional order differ-integral

e _ 1 ! f(n)(T) -
< DIf(t) = )/a ( dr, (1.7)

I'n—« t —T)atl-—n

where o € (n — 1;n >.



The Laplace transform of Caputo differ-integral can be defined as [57]
n—1
LIEDE ) = 5" F(s) = 3577 0(0), (18)

k=0

where a € (n—1;n). More properties of Caputo differ-integral can be found in [35, 42, 55].

1.5 Transfer function of fractional order systems

The transfer function of fractional order systems, under zero initial condition, can be

presented as:
Definition 1.7. [55] Transfer function of fractional order systems

Bm Bm—1 Bo
G(s) = Y (s) _ by, s°™ 4 b1 + - bys | (1.9)

Uls ApSY + Qyy_18%m—1 - -+ @S0
0

where Y'(s) is a Laplace transform of output signal, U(s) is a Laplace transform of input
signal. The coefficients a; for 0 < ¢ <n and b; for 0 < j < m denote system parameters.

The orders a € R and g € R.

1.6 The fractional constant-order integrator

The fractional constant-order integrator can be described as a transfer function given

by [20]
Gs) = & (1.10)

s

Above transfer function can be expressed by the following spectral function

,k _ K oz, (1.11)
(Jw)*  w"

G(jw) =

Directly from (1.11), the phase and magnitude properties can be obtained, respectively

O(w) = arg{G(jw)} = —a7,

k

we’

Alw) =

which yields the following logarithm of magnitude

M (w) = 20log(k) — a20log(w).



The magnitude and phase diagrams for selected fractional order integrators are given in
Fig. 1.2.
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Fig. 1.2. Frequency responses of fractional constant-order integrators for orders o = {0.2,0.4,0.8}.

1.6.1 Analog realization of fractional order impedances

™

2
constant-order integrator exerted a major impact onto realization of fractional order

The constant phase —aZ and a magnitude slope equals to —a20 db/dek of fractional
impedances. The researchers tried to adapt the structures of electrical circuits to ful-
fill the phase and magnitude criteria. The key issue during the designing of fractional
order impedances is to achieve as wide as possible frequency range, where such impedances
posses the special features of fractional order behavior. The big influence onto realiza-
tion has also a structure and value of passive elements used in electrical circuits. Some
particular methods devoted to realization of fractional order impedances are shown in
10, 57.

The algorithm of creating the half and quarter impedances introduced first in [69],
and meticulously investigated in [52, 77] posses big advantages against to others. It has
a simple domino-ladder structure and easily available on the market passive elements of
desire values. The real half- and quarter-order impedances based on such domino-ladder

structures are used during experimental setup presented in further chapters.

Analog realization of half-order impedance

The scheme of half-order impedance from the method published in [69] is presented in
Fig. 1.3. Based on the algorithm, the experimental circuit boards of half-order impedances

Zy5 are constructed in the form of domino-ladder structure (see Fig. 1.4). The real circuit



Fig. 1.3. A domino-ladder structure of 0.5 order impedance.

board consists of 200 passive elements with the following values: Ry = 2.4k(), Ry = 8.2k(2,
C7 = 330nF, and C5 = 220nF.

Fig. 1.4. A circuit board of 0.5 order impedance.

Analog realization of quarter-order impedance

The half-order impedance can be extended to build a quarter-order impedance. This
can be done by replacing the capacitors in the scheme shown in Fig. 1.3 with half-order

impedances. This manipulation gives a o = 0.25 order impedance depicted in Fig. 1.5.

z(t) Ry Ry Ry

Fig. 1.5. An analog model of 0.25 order impedance.

The real circuit board of quarter-order impedance contains 5000 passive elements and
is designed according to Fig. 1.5. The main ladder includes 50 branches with the following
resistors’ values: Ry = 2.4k}, Ry, = 8.2k{). The analog model of quarter-order impedance

is shown in Fig. 1.6

Experimental validation of fractional order impedances

The validation of fractional order impedances was done based on fractional constant-

order integrator. Considering the Z impedance depicted in Fig. 1.7 as a real circuit



Fig. 1.6. A circuit board of 0.25 order impedance.

boards representing half- or quarter-order impedance, the 0.5 or 0.25 order integrators are
achieved. The resistors R = 14k{) for both half- and quarter-order integrators. Due to the
inverter signal polarization of the single operational amplifier, the proportional gain —1

based on amplifier A, is added in series to amplifier A;. The experimental data collected

Z R
R R
VWV - -
Al J A2 —O0
Vin(t) + + V(1) T
r L L al

Fig. 1.7. An analog model of fractional constant-order integrator.

to depict the frequency responses of 0.5 and 0.25 order integrators can be observed in
Fig. 1.8. It is well visible that analog models fulfill the phase and magnitude properties
in wide range of frequencies. However, they still have some frequency constraints, which

are also reflect in the time-domain. Comparing the step response of half-order integrator

N
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Fig. 1.8. Frequency responses of half- (left) and quarter (right)-order integrators.

to its numerical implementation presented in Fig. 1.9 gives an answer that such analog
model posses a proper behavior until ¢ < 5 s. (approximately), and then modeling error
increases. The similar conclusion can be reached by analyzing the step response of quarter-

order integrator and its numerical implementation shown in Fig. 1.10. The experimental



curve overlaps numerical one until approximately 3 s, and after this time, the discrepancy

1mcreases.
T T T T T T T T 0.03
05F analogv que\ ) ] 0.025
— numerical implementation o
0.02|
0.4
0.015 -
03l 0.01
= S
0.005
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0.1F
-0.01
0 . . . . . . . . .0.015
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9

t[s] ts]

Fig. 1.9. Step responses of half-order integrator (left) and their modeling error (right). Input signal
equals to 0.5-1(t) V.
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Fig. 1.10. Step response of quarter-order integrator (left) and their modeling error (right). Input
signal equals to 0.05 - 1(¢) V.

Therefore, to avoid already mentioned constraints, appearing in analog modeling of
fractional constant-order systems, all step responses of constant- and variable-order sys-

tems are time limited.



CHAPTER 2

Introduction to recursive fractional

constant-order definition

In this chapter, the well known fractional constant-order Griinwald-Letnikov definition is

remind, together with its matrix form. Moreover, the recursive fractional constant-order

definition is introduced as well. As a novelty, the equivalence between fractional constant-

order definition and recursive constant-order definition is proved based on their matrix

forms. Then, the initial conditions in the form of finite and infinite time are mentioned

and validated in experimental setup.

2.1 Fractional constant-order Grunwald-Letnikov definition

The fractional constant-order Griinwald-Letnikov definition is determined as a general-

ization of backward difference onto non-integer order. Thus, the well known Griinwald-

Letnikov difference and derivative can be formulated:

Definition 2.1. The fractional constant-order Griunwald-Letnikov definition

JD57(0) = lim L3 (1 (%) s m,

AN ! for 7=0,
i) T | etudaity gy o,

]l

Definition 2.2. The fractional constant-order Griinwald-Letnikov difference

k

oA i = % > (1) <;Y> Jiejs

J=0

(2.1)

(2.2)



for | =0,1,2,....k.

Definition 2.1 corresponds to fractional constant-order derivative for a > 0 or to
fractional constant-order integral for a > 0. In a special case, when a = 0, it gives the
original function f(t).

Concerning the zero initial conditions and constant-orders a and [, the following

orders composition property holds for Griinwald-Letnikov operator [55, 65]:
oD (oD7 £(£)) = oD7 (aDF £(1)) = oD§ " £ (1) (2:3)

2.1.1 The matrix form of fractional constant-order operator

The matrix form of the fractional order difference is given as follows [54, 50]:

N h— 0 0 0
0AG fo N 0 0 Jo
0AT f1 - ~ fi
o Va2 Va,1 h=¢ 0
OAZ f2 - f2 )
X Va3 Va,2 Va,1 0 .
0 AL [k ' ' L\
Vo, Vo,k—1 Vak—2 --- h
where v,; = %, and h = t/k, k is a number of samples.

Taking the limit h — oo the following matrix form of fractional constant-order deriva-

tive is given:

oDg f(0) £(0)
oDy f(h) f(h)
oDSRf(2h) | = Jim W(a, k) f2h) |,
—00
oDYhf(kh) f(kh)
where
h= 0 0 0
Va,h h=® 0 0
Va,2h Va,h h_a O
Wia, k) = ’ ’
( ) Ua,Sh Ua,?h er,h 0
Vakh  Va,(k—D)h  Va,(k—2)h --- N

10



2.2 Recursive fractional constant-order operator

The fractional constant-order difference given by Def. 2.2 can be expressed by [75]:

a0 = (L) Fea

Then, it can be rewritten as
Af(z) = ——aF(2),
which gives the following relation
A1 - 27 = bR (2),

and can be represented in recursive form as

k
(—1) <_ja)OAgfkj =h""f.
=0

J
Finally, it can be rewritten as a following definition:
Definition 2.3. The recursive fractional constant-order difference is as follows
b —o
oA frr =h""fk — Z(—l)]< i )OAgfkj' (2.4)
j=1

This type of difference is obtained for all values of previous differences.

For a continuous-time domain case, the recursive fractional order derivative can be

described by [75]:

Definition 2.4. The recursive fractional constant-order derivative is as follows

oD £(1) = lim <% =) (1) (_.a)ODtjhaf(t —jh)> :

h—0
j=1 J

Having appropriate order and binomial coefficients dependency, the new recursive
fractional variable-order derivatives can be formulated based on the recursive fractional

constant-order definition.

11



2.3 Matrix approach for recursive fractional constant-order opera-

tor

By extension of Definition 2.3 there is possibility to achieve its matrix representation.

Lemma 2.5. [85] For o = const the recursive fractional difference can be expressed in
the following matrix form:

02 fo Jo
0AT f1 fi
A | =98] fa |,

0 AL fi Ix

where
ng = D(O[7 k) U Q(O[, 1)53(0{, 0)7 (25)
and
Q(a, 0) _ h™ 01,k c R(k-i—l)x(k-i—l)’
Okt | Lhk

and forr=1,...k

Ir,r Or,l Or,kfr
Q,r)=| g | b | Oy | € REFDXEHD, (2:6)

Ok—r,r Ok—r,l Ik—nk—r

where

qr = (_w—aﬂ"y —W_qr—15---» _wfa,l) c Rlxr,
i[—Q . . ] .
and w_q; = (—1) ( p ), fori=1,...,r, i.e., the jth entry of q. is

—

(QT)j = ~W_qr—j+1 = (—1)7’7#2 (r it 1>, for j=1,....r

Proof. 1t is obtained after consecutive evaluating of terms in Definition 2.3 for each time

stepl =0,1,...,k. First, for [ =0, we can write

h—Oé

0AG fo h=%x 0 (1) fo

h h 0o 01 .. oll|”

f2 - f2 - . . . . f2

: : 0o 00 ... 0|

Jr fr 0o 00 .. 1)\
) A(e,0)

12



Next, for [ = 1:

1 0 O 0
AY AY
oAgj:o Wy B0 ol [° })fo
0T 0 0 1 0 '
fa | = , , , Ja
f: 0 0 0 f
. 0 0 1 g
A1)
for | = 2:
AO&
OA3; 0 0 0 ...0\ [oASf
oL 0 10 ...0]| |oA%s
0A% fa _
= —W_q,2 =W—_q,1 h=... 0 f2
I3 .
: 0 0 0 ..1)\ f
e N g ,
Q(a,2)
and, generally, for [ = r, we have
Aa
o850 oG fo
OA(lel a
. 0AT f1
. [r,r Or,l Or,kfr :
OAgflfrfl —a «
Aaf = qr h=er Ol,k—r OAr_l r—1
0 rdJdT
Okfr,r Okfr,l [kfr,k:fr fr
fria N - .
. Q(a,r) :
' Jr
Jr
Finally, for | = k:
04§ fo 0AF fo
0AT f1 0AT f1
% B ( Iip | Oka ) 1
. qk h_ak . )
OAg_Lfkfl ~ ~~ OAg_Lfkfl
Q(ak
0L o) fi
where ¢ = (—w_ak, .-, —W_qa1).

Combining all this together, completes the proof.

13




Remark 2.6. Taking the limit h — 0 to the above considerations, the following matrix

form of recursive fractional constant-order derivative is given:

oD £(0) £(0)
oD f(h) f(h)
oD f(2m) | = lim Q| f2n) | (2.7)
oD f(kh) f(kh)

Although, the recursive fractional constant-order derivative given by Definition 2.4
origin, from well-known Griiwald-Letnikov definition given by Definition 2.1 what implies
their equivalence, it is an interesting issue to prove this property based on their matrix

forms. In this purpose let us formulate Lemma 2.7 and Lemma 2.8.

Lemma 2.7. The product of matriz form equivalent to the fractional-constant-order
Grinwald-Letnikov derivative and its recursive matrix form for negative value of orders

gives an identity matriz
k
W(=a,k) [T Qe k = j) = Tnpr a1 (2.8)
j=0

Proof. Let us write the matrix form of Griinwald-Letnikov derivative for negative value

of orders, then

he 0 0 0

how_q 1 h® 0 0

h%w_q 2 h*w_q 1 h® 0 0

W(—a,k) =] h®w_n3 h*w_a2  h*w_qs1 0 0
hw_g k-1 h%W_qr—2 hW_qp—3 ... h® 0

hw_qr  h%w_qr—1 h%W_qr—2 ... h%w_,1 I

The first matrix product can be described as the following block matrices:

Wica Bk — (VEek=D |00 (| 0
B R(—ak) | b ) \qug | b

B W(—Oz,k—l) Ok:,l
B 01k 1)’

14



where

haqLi = (—ho‘w,aﬂ-, —haw,a,l-,l, e —ho‘w,ml) .
The second matrix product can be expressed by

W(—a, k)Q(a, k)Q(a, k — 1)

W(—a,k—2) 03_11|0k-11 Ii1 -1 Og—11|0k—11
=| R(—a,k—1) h” 0 G- h ™| 0
Opr 0 | 1 Opr 0 | 1
W(—a,k—2) Og-1,1|0x-11
= 0151 1 0
01 k-1 0 1

For general case, when 7 = r we have the following matrix product

(W(—a, k) 1:[53(04, k — j))Q(oz, k—r)

=0

W=,k —r—1) Op—p1|Op—ryr I Op—r1|Op—pr
= R(—a,k —) h® 0 Gi—r h™* | O,
Oris Ot | I Oier Opt | Loy
W(—a,k—1r—1) Op—p1|O0k—r,
= 01,57 1 0
O k—r Ot | Ly

Finally, for j = k matrix product equals to
Ml h® 01 k h=« ‘ 01 k
W(=a, k) [] (e, k — j) |9, 0) = ’ ’
0 Ok | Tik Ok ‘ Iy 1

(1 o
Ok | Lrk .

Consecutive multiplying all of terms from Lemma 2.7 ends the proof. [ |

Lemma 2.8. The product of matriz forms equivalent to the fractional constant-order

derivative with negative value of orders gives an identity matriz.

W(—a, k)W (e, k) = L1 41

15



Proof. The proof implied from the order composition property for fractional constant-

order derivative with zero initial condition. |
Finally, the following theorem can be written:
Theorem 2.9. The fractional constant-order definition is equivalent to its recursive form.

Proof. The proof is a conclusion directly based on Lemma 2.7 and Lemma 2.8.

W(—a,k) [[Q(e. k= j) = W(—a, k)W (a. k) = [[Q(ek—j) =W(a,k).

j=0 Jj=0

2.4 Initial conditions for recursive fractional constant-order opera-

tor

The initial value of voltage occurring at the beginning of half- or quarter-order domino-
ladders plays a significant role during experimental approach. The initial voltage is not
distributed evenly to the rest of branches and obviously, has an impact on experimental
results. This is a main motivation for providing the method for including initial conditions
into recursive fractional order definition. In this method the voltages of all capacitors
are equal to some initial value of voltage. It can be caused by charging the impedance
structure until all capacitors achieved the desire value of voltage. To provide the method
for including initial conditions in above sense let us assume the fractional order recursive

difference for time k* [71, 91]:
k™ L
0AY T = T — Z(—w( ; )OA;;*_jxk*j. (2.9)
j=1

The beginning time in (2.9) is shifted to the point t* = T. This means, that the system
where the algorithm is applied, has non-zero energy. In this case, the difference can be

rewritten for k = k* — T in the following form [71, 91]:
k+T L
Ay =y, — Z(—l)ﬂ( ; )_TAg_jxk_j . (2.10)
j=1
The sum occurring in (2.10) can be divided onto two parts
k-1 k4T

AR = =y (—1) (_]O‘) A me — Y (1) (_]0‘) LAY . (2.11)

j=1 j=k

16



Thus, we have the iterated differences (for new time k) from A%z;_; to A%z given by
first sum and differences from A%zg to A“r_7 given by second sum. As it can be notice,
for a practical case, proper initial conditions statement (in opposition to integer order

system) is a series from A%xy to A%x_r.

Constant, finite-time conditions case

When the system is in a steady state, before for example control algorithm starts (¢ < 0),
what is easy to imagine in practical applications, we can assume that rAf'x; = ¢ = const
for i = —T'...0. In this case, (2.11) has the following form [71, 91]:

() et~ S (e

=k

™I

«
_TAkZL‘k = T —
J=1

Remark 2.10. We have the following relation

ST =0

j=0 J

which can be proved by taking into consideration that
S ()=,
i=0 J

and substitute z = 1 to the relation above.

Let us now analyze the ideal situation for infinite length of initial conditions function
T — 00, and autonomous system with x; = 0. For such a situation, the first time step of

difference is given as follows [71, 91]

T Y <_9‘>c,

J=1

which can be rewritten in the form of
[e's) —a
Az == ) (—1) ( , )c.

Based on Remark 2.10, it can be evaluated into the following form
,OOA?.Il =cq,.
We obtain expected result that for infinite length of initial conditions, system without

17



additional input (in the form of z;) will stay in the same point.

For example, let us assume the ideal domino ladder that is analog realization of half-
order integrator. When all its capacitors are charged to the same voltage, the initial
conditions are equivalent to infinite length constant initial conditions. Without additional
voltage source, the domino ladder should keep the voltage on capacitors.

Let us study the case of finite length of initial conditions. In such a case the first step

of difference has the following form [71, 91]
T+1 N
—TA?xl = —Z(—l)j( . >C,
=1 J

which can be rewritten, similarly to infinite length case, as follows
o - i —&
—TAlxl =c+ Z (—].)j( . )C.
j=T+2 J

As it can be seen (also in Fig. 2.1), this time the value of difference is not equal to value

of initial constant conditions.

0.55 T T T T

Poo
‘u
",
aa,

0.45 M\
\

-----
-----
--------------
------
o

04r N S~

0.35r S S S 1

03 *_Tzoo ~ ~

0.25 H====" T=500 ~ i

0.2 H = ~ o ]

0.15 : : : :
t[s]

Fig. 2.1. Results of a = 0.5 integrators output with initial conditions ¢ = 0.5 and different values of T

Constant, infinite time initial conditions case

For infinite length of the series of initial conditions this can be rewritten in the form of

the following theorem [71, 91]:
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Theorem 2.11. Fractional order difference for initial conditions in the form of infinite

length constant function A%x; = ¢ = const for i = —o00...0 is given by the following
relation:
2 -1 N
. T Z(_1)J< ; ) (CoA a1 — ) + ¢ (2.12)
j=1

forl=1,2,... k.

Proof. The second sum in the (2.11), for infinite length of initial conditions 7" — oo
(which implies that also T+ k — 00), can be obtained in the following form

S (o= v (e e (7)o

Using relation given by Remark 2.10 we obtain

S () - Dev(7)-Eo ()

J=k J=0 J=
k—1 o
= e ()
Jj=1 J
which combining with Remark 2.10 ends the proof. |

Continuous-time case

For a continuous-time domain case, the fractional order difference definition can be rewrit-

ten in the following form [71, 91]:

Theorem 2.12. Fractional order derivative for initial conditions in the form of infinite

length constant function _D{ f(t) = ¢ = const. for | = (—o00,0) is given by the following

relation:
« =1 f(t> - il ¢ o
—oth f(t) - }111_% [W - Z;(_l) ] (—oth—jhf(t) - C) +c
]:
Proof. The proof is fully analogical to the proof of Theorem 2.11. |

2.5 Experimental results

Realization of the fractional constant-order inertial system based on fractional constant-
order integrator presented in Fig. 1.7 is shown in Fig. 2.2. To gather data for fractional

constant-order inertial system with initial conditions, the domino-ladder structure is firstly

19



loaded to the initial value of voltage and then the system presented in Fig. 2.2 is run-
ning with u(¢) = 0. The initial value of voltage for all measurements equals to 0.2V
and the sample time equals to 0.001 s. The convenience Matlab/Simulink variable-order
toolbox [20] is used to obtain the numerical implementations of variable-order systems

during all experiments presented in this thesis.

+
u(t)o O oD? oy(t)

Fig. 2.2. Realization of the fractional variable-order inertial system based on fractional constant-order
integrator (see Fig. 1.7).

Example 2.13. [71] The a = —0.5 order inertial system with initial condition.

In this case the Z impedance presented in Fig. 1.7 takes the structure of half-order
impedance presented in Section 1.6.1 and resistor R = 5k{2. Identified system has the
following form:

y(t) = 20Dy (u(t) — y(t)).

The experimental results of fractional constant-order inertial system with order —0.5,

compared to their numerical results are presented in Fig. 2.3.

0.2 T T T 0.06
------ output of analog model
0.181 —numerical implementation |
0.05

0.16
014} 1 004T

A2
0 0.03}

= 0.1 =
0.08 0.02
0.06
0.04
0.02 -
0 =y - > e . . I
0 0.5 1 1.5 2 0 0.5 1 1.5 2
t[s] t[s]

Fig. 2.3. Results of analog and numerical implementation of fractional constant-order inertial system
with order —0.5 and initial condition equals to 0.2V (left), their modeling error (right).

Example 2.14. [71] The a = —0.25 order inertial system with initial condition.
In this case the Z impedance presented in Fig. 1.7 takes the structure of quarter-order
impedance presented in Section 1.6.1 and resistor R = 5k().

Identified system has the following form:
y(t) = 1.55_o Dy " (u(t) — y(t)),
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The experimental results of fractional order inertial system with order —0.25, compared

to the numerical results, are presented in Fig. 2.4.

0.22

0.04

------ output of analog model
02 —numerical implementation | |

0.03

0.18
0.02

0.16
0.01}

>0.14

v

0.12

0.1r

0.08 -

0.06 ‘ ‘ — -0.03 ; ; ;
0 05 1 15 2 0 05 1 15 2

t[s] tls]

Fig. 2.4. Results of analog and numerical implementation of fractional order inertial system with order
—0.25 and initial condition equals to 0.2V (left), their modeling error (right).

2.6 Summary

In this chapter, the Griinwald-Letnikov fractional constant-order definition and its re-
cursive form were remind. As a novelty, the equivalence between Griinwald-Letnikov
definition and its recursive form was proved based on their matrix forms. Next, the initial
condition case for recursive definition was considered in the form of finite and infinite
time. At the end, the initial conditions for fractional constant-order integral systems were

experimentally validated and show high accuracy of proposed method.
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CHAPTER 3

The A-type fractional variable-order

definition

In this chapter, the mostly used in many implementations, A-type fractional variable-
order difference and derivative are presented together with their matrix forms. Moreover,
the interpretation of such definition based on its equivalent switching order scheme is
introduced and experimentally validated.

The A-type operator can be successfully used in control systems. The practical ap-

plication where such definition was applied to control the electromagnetic servo was pub-
lished in [50].

3.1 Introduction to A-type fractional variable-order definition

The A-type fractional variable-order operator owes its origin to well known Griinwald-
Letnikov definition. Consider the case when constant-order is extended to time-varying.
In this approach, all samples are calculated with present value of order. The A-type

operator has the following form:

Definition 3.1. [20, 104] The A-type fractional variable-order derivative is as follows

h—0 ]
=0 J

A0p 1) = i S O (M) e

where n = |t/h| and h is a sampling time.

Definition 3.2. [20, | The discrete realization of the A-type fractional variable-order
derivative is as follows
(-1
AA o
A f = Z o (j )flja
5=0

for 1 =0,1,2,..., k.



In Fig. 3.1, plots of step function derivatives (according to Def. 3.1) are presented for
ap = —1, ap = —2, and
-1 for0<t<1,

as(t) = (3.1)
-2 for1<t<2.

Considering the step response of the A-type derivative given in Fig. 3.1, it is noticeable

25
27 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
oDy11(t) -7
151 —agz(t) /,./” |
B SRS RTRUT -7 AD23 (1 (p)
0.5 _ =
/_,—” OD?ZI(t)
0 === I I I I I I I
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

t

Fig. 3.1. Plots of step function derivatives with respect to the A-type derivative (given by Def. 3.1).

that until switching time the output of A-type derivative refers to derivative of order —1.
After switching time, the output of A-type operator rapidly goes to the output of system
being representing by derivative of order —2. Therefore, such variable-order derivative

can be interpreted as switching order systems.

3.1.1 Matrix form of the A-type fractional variable-order derivative

The matrix form of the A-type fractional variable-order difference is given by [73]

05° fo h= 0 0 0 fo
64A?1f1 wal,l h_al O 0 f1
[0 —_

JAS? f Way2 — Way,1 h=a2 0 f2

AN @ - )
0A3° f3 Woy3 Wag2  Wagl 0 f3

AN\ @ —

AL fi Wap kb Wag k-1 Wagk—2 ... H7 f

Taking the limit h — 0, the following matrix form of the A-type derivative is given [30]:

#D5" £ (0) £(0)
4D f(h) f(h)
ADYY £(2n) | = lim AW (a, k) | F20) |, (3.2)
4D £ (kh) f(kh)
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where

h=o(0) 0 0 0
Wa(h),1 ho(h) 0 0
Ay o k) = | e e I ’ (3.3)
a k) = .
Wa(3h),3 Wa(3h),2 Wa(3h),1 0
h—a(kh)

We(kh),k Wa(kh),k—1 Wa(kh),k—2 - - -

3.1.2 Numerical scheme for the A-type operator

Let us introduce the following switching scheme presented in Fig. 3.2 based on the chain

of derivatives blocks. The switches S;, 1 =0, ..., k, take the following positions

a fort> (i+1)h, ‘
Si: ZZO,...,]{?.

b fortel0,(i+1)h),

5D r ()

b b b b
F(tyo— oDs* f—o—t— . .. —o—] ;D 2 VT
Sk So S1 So

Fig. 3.2. Structure of the multiple output-switching order derivative §Dj' ® f(t) (configuration after
switch between orders ag and «y, i.e., in time ¢t € (0, h))

Based on Fig. 3.2 we have the following result.

Lemma 3.3. [85] The numerical description of the multiple output-switching scheme,

when we switch orders «y, . .., qy in every th time instant, is the following:
5*D5 " £(0) £(0)
o-sTya(t) k
DY f(h) f(h)
0 “h o A
3 = lim ([[ W(az,k,w) | (3.4)
S Dt f (kh) f(kh)
where

Op—iitr  Lh—ip—i

w Aia. Oz —1 A .
W(@Z7k7l)_< (a Z> Lk )7 Q; = Oy — 4, ZZO,...,I{?—].,
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and

i1 +a; for 0<t<(i+1)h,

at) = i 4 ( ) i=0,...,k—1
i1 for t>(i+ 1)h,

Proof. The output signal after the oy block has the following form:
6"Dg" f(0) f(0)
6Dy f(h) f(h)
oSDoE f(2h 2h
ORI | | T

h—0 :
D hf(( 1)h) f((k=1)h)

3D £ (kh) f(kh)

The additional block &;_; is connected in whole time despite of time k, that is why
this signal is represented by the matrix W (é&x_1, k, k —1). At the output of this block we

obtain derivative of order «4_; until time & when the order is equal to a

FDG 1 (0)
FD5 F(h)
5 DG £ (2h)

S DG (k= 1))
D 1 (k)

following form

6"Dg" f(0)
6Dy f(h)
?D%f@m

Db (k-
D% 0

1)h)

= lim W (ay_1,k, k —

h—0

= lim W(dl, k, ]_)
h—0
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6"Dg" f(0)
§"Du"f(h)

0 6" Dap, [(2h)

0 "Dy ((
0Dy f (kh)

6Dy f(0)
oDy f(h)
?D%fﬂm

DG (k-
$ D% 0

1h)

—1)h)

Repeating analogously, we get the output signal from the block of derivative &; in the

Finally, we obtain the output signal from the block of derivative &g in the following




form:

6°D5" f(0) 6°Dg" f(0)
"Dy f(R) oDy f(h)
: = flg% W (éw, k, 0) :
DY S (k — D) 3Dt F((k — 1)h)
0 "Din f (kh) 0 "Dy, f (kh)
Combining all this together, we get (3.4), completing the proof. [ |

Theorem 3.4. [55] Matriz approach of the A-type derivative given by (3.2) is equivalent
to the output-switching scheme given by (3.4), i.e.,

Proof. For simplicity, let us assume the case of one switch between orders, say a; and

as occurring at time 7" = 7h, 7 € N, we have the following matrix form based on

Lemma 3.3:
=Dy £(0) £(0)
FD (1) | = lm W k7 = )W (az,k) | F(T) | (3.5)
D f(kh) f(kh)

where

ap = op — (g,

W(dla T = 1) 07’,k—7’+1 )

0k—7’+1,7’ Ik—T—‘rl,k—T-‘rl

W(dl,k,T — 1) = (

and
a9 + for ¢t < 777

at) =
Qo fort > 1T.

The matrix product

Wia —1 Or k—r wW , T — 1) Orp_r
W(OAéh k77— - ]->W(OCQ, k) - (OéhT ) k—T+1 ) < (012 T ) K +1>

A(a) B(as)

Ok—T—I—l,T ]k—T+1,k—T+1
W(dl + o, T — 1) OT,k—T+1
Afas) B(az)

~(W(ay,T—=1) OT,/HH)
A(as) B(as) 7
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where A(ay) € RETHDXT and B(ay) € RE-THDx(E=7+1) are guitable sub-matrices of

W (a, k), obviously corresponds to “W (a, k) given by (3.3) for

() ap fort<T,
o = =
ay fort>T,

ie., in (3.3) we have aupy = oq for i =0,...,7 — 1, and a(n) = ap for j =7,..., k. The
prove of multiple switching case can be obtained by simple analogy to the proof of one

switching case. |

3.2 Experimental setup

Analog model of the A-type operator realized directly based on its switching order scheme
is depicted in Fig. 3.3. The order strictly depends on fractional order impedances Z; and
Zsy. The half-order impedances are designed according to the algorithm shown in Section
1.6.1. Additionally, the analog model contains such elements as: operational amplifiers
TLO71, analog switches DG303 and resistors R. The amplifiers A; and A, are responsible
for keeping the proper order of the variable-order system. However, the output signals of
the amplifiers possess the inverted polarization, therefore another proportional amplifiers
Ay and Ay are added to the previous ones. To keep the behavior of the A-type operator,
the switches S; and Ss, are connected to terminals b first, and after switching time, the

switches change their positions to terminals a. So, the amplifiers A3, A4 are being reduced.

Zy
LI R
R
R
A
Vin(t) + Ay
"
L
b 5 Zs
L T R
b R ~ B
Sy A, '
a -+ A4 U B
% ut (t)

Fig. 3.3. Analog realization of the A-type fractional variable-order integrator.
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3.2.1 Results of the A-type integrator

Example 3.5. [31] Integrator with order switching from a = 0.5 to o = 1.

In this case, the structure of analog model presented in Fig. 3.3 takes the following
values: Z; and Z, are the half-order impedances, resistors R = 47k{). The identifi-
cation results are obtained by numerical minimization of time responses square error
with sampling time 0.001 s and input signal being the scalled Heaviside step function
u(t) =0.1-1(t)V.

After identification process the following analog models of half- and first-order inte-

grators are obtained, respectively:

y(t) = oD; "Payu(t) = 2.8)D; Pul(t),
y(t) = oD; tagu(t) = 8.1oD; u(t),

which gives rise to the following variable-order integrator
y(t) =Dy " fa(t)u(t)],

where (for switching time 7' = 0.3 s)

8.1 fort < 0.3,
a(t) =
2.8 fort>0.3,
and
1 for t < 0.3,
at) =
0.5 fort¢>0.3.

Identification results, and difference between step responses of the half and quarter-order
integrators are presented in Fig. 3.4 and Fig. 3.5, respectively.
The experimental results compared to numerical implementation of the A-type variable-

order integrator are presented in Fig. 3.6.

3.3 Summary

In this chapter, introduction to the A-type fractional variable-order derivative was pre-
sented. In this part, the matrix form corresponding to such definition was given. Then,
the interpretation of the A-type operator was presented as a switching order scheme.
The second part is fully devoted to experimental setup. In this part, the analog model
being the realization of the A-type derivative was given and used to gather the exper-
imental data. At the end, the experimental data were compared with their numerical

implementations.
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Fig. 3.5. Identification results of constant-order oz = 1 integrator (left) and their modeling error (right).
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CHAPTER 4

The B-type fractional variable-order

definition

In this chapter, the B-type fractional variable-order difference and derivative are presented
together with their matrix forms. The simple and multi-switching schemes equivalent to
B-type definition are introduced. Moreover, to validate the theoretical considerations, the
analog model being the realization of such switching scheme is built and used to gather
the experimental data of B-type integrator and B-type inertial systems. At the end, the

experimental data are compared to their numerical implementations.

4.1 Introduction to B-type operator

In the B-type operator, the arguments of order and input function are defined in the
same way, it means that coefficients for past samples are calculated with order which was

present for these samples. In this case, the definition has the following form:

Definition 4.1. [26, 101] The B-type of fractional variable-order derivative is as follows

B a(t j t_.]h) s
o —,glgaozha ol G V!

where n = |t/h| and h is a sampling time.

Definition 4.2. [26, 101] The discrete realization of the B-type fractional variable-order
Q-
( ]>fl —j»

In Fig. 4.1, plots of step function derivatives (according to Def. 4.1) are presented for

derivative is as follows

for 1 =0,1,2,... k.



ap = —1, ap = —2, and

0 -1 for0<t<1, (4.1)
(0%} = .
-2 forl1<t<2.

In case of the B-type derivative, at the switching time instant, the output of derivative

25
20 27
/.’/
- i
«a - -
—a3(t) oDyt 1(¢) -
151 : -7 -
: - -
-7 4
P -

Pl PP = — BD??’(t)l(t)
05 -7 i
PP U T

0 —\-—‘7—/’\ I I I I I I

Fig. 4.1. Plots of step function derivatives with respect to the B-type derivative (given by Def. 4.1).

does not overlap the plot for constant-order oy and starts to integrate like at the beginning
of the plot for constant-order as, but with some initial value.

The interesting order composition properties of the B-type definition with constant-
order operator are proved in [34]. It tourned out that the order composition of B-type
operator with constant-order differ-integral is not commutative and holds only in one

direction:

Theorem 4.3. [7/] The order composition properties of B-type operator with fractional

constant-order operator is given as follows

D7 (‘SD?(“f(t)) _ B0 5

5Dy, (fo@) £ BDeO* P p(v),

where a(t) # const and B # 0.

4.2 Matrix form of the B-type operator

By extension of Definition 4.1 and Definition 4.2 there is possibility to achieve their matrix

representations. The matrix form of the B-type fractional variable-order difference is given
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EASO fo h—e0 0 0 0 fo
0 tlllfl Way,1 h™ 0 0 fi
gASQfQ . wa1,2 waz,l h=a2 0 f2
(l)gAglsfii Way,3 Wag,2 Wag,1 0 f3 7
BAY f w w w h—x f
00—k k al,k az,k—l ag,k—2 e k

where w,; = (712#, and h = t/k is a time step, k is the number of samples. Taking the

limit A — 0 the following matrix form of B-type derivative is given [30]:

B2 ¢(0) o
5D f(h) o
OBDS;Et)f(Qh) = }LIE)% 3VV(047 ]{;) f(Qh) ’
B (k) o
where
h—(0) 0 0 ;
We(h),1 hfa(h) 0 0
BW(a7 /C) _ Wa(h),2 Wa(2h),1 —a(2h) 0
Wa(h),3 Wa(ah)2  Wa(3h)! 0
p—o(kh)

Wa(h),k Wa(2h),k—1 Wa(3h),k—2 - - -

and BW (a, k) € REHDx(k+1),

4.3 Numerical scheme for the B-type operator

This section contains the block diagrams and corresponding to them numerical schemes
equivalent to the B-type operator. For better understanding, the simple-switching case
between two real arbitrary constant-orders, e.g., a; and s is introduced first. Next, this

idea is generalized for a multiple-switching (variable-order) case.

Simple-switching (variable-order) case

The idea is depicted in Fig. 4.2, where all switches S;, ¢ = 1,2, change their positions
depending on an actual value of «(t). To switch the system from a; to s the switches
take the following terminals: until switching time, switch S; is connected to terminal b
and switch S5 is connected to terminal a. After this time: S; = a and Sy = b. At the

instant time T, the derivative block of complementary order @y is pre-connected to the
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front of the current derivative block of order «;, where
Qo = (g — (. (42)

If &y < 0, then 7D corresponds to integration of f(t); and, if as > 0, then 7D?

corresponds to derivative of f(t), with appropriate order as.

f(t)e l
b L) at~a(t)
_ a | 07Dy S
JANG [l P e e
So S1

Fig. 4.2. Structure of input-additive order derivative (switching from «; to aw)

Now, the numerical scheme corresponding to the input-additive switching structure

(i-a) is introduced.

Lemma 4.4. [80] For a switching order case, when the switch from order ay to order co
occurs at time T (the corresponding sample number k is such that T = kh ), the numerical

scheme has the following form.:

g (1) £(0)
DY (1) f(h)
DG (@) | = lim W (e, k)W (ag, k. k) | f(kh—h) | (4.3)
D £ (1) £(T)
i-aDa(t)f(t) f(kh)
0 kh
where
W (s, b, ) = ( T Ok k—ta1 >
01~c—l§:+1,fc W(O_‘% k— k)
and

« ort <T,
() = 4 J
a1 +ag fort>T.

The order ay, appearing above, is given by relation (4.2).
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Proof. The signal incoming to the block of derivative oy can be described as follows

f(0)
f(h)

f(kh — h)
D f(t)

DR f(t)

= lim W (as, k, k)

h—0

[f(kh)

(4.4)

Until time T, the input of aj-block obtains the original function f(t), so in matrix

W (ao, k, /%) an identity matrix occurs. From time step 7', the input signal passes through

the block of derivative ag, and then the sub-matrix W(as, k — /2:) is responsible for start-

ing the ay derivative action from time 7. That signal passes to the a;-block and has the

following matrix form:

Do £ (1)
FDr Y £ (1)

iraTyo(t)
i-amya(t
5D £ (1)

5D f(t)

= lim W(al,

h—0

k)

f(0)
f(h)

f@ﬁ—h>

D7 f(t)

D f(1)

After substituting (4.4) to (4.5), we get (4.3), which ends the proof.

Multiple-switching (variable-order) case

(4.5)

In general case, when there are many switchings between arbitrary orders, we have the

following structure presented in Fig. 4.3. When we switch from the order a;_; to the

f(t)o '
|

8\"_

S

-
J
TJ—lDt ag

J

L .

|

|

N

So

az
T1 Dt

_8\’_

S1

ay
ODt

6D f (1)

——>

Fig. 4.3. Structure of multiple input-additive switching order derivatives

order «; at the switch-time instant 7;_q, for j = 2,3, ..., we have to set:

a fori=1,..

b fori=j,
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and the pre-connected derivative block (on the front of the previous term) is of the fol-
lowing complementary order:

(l/j = Ozj — O-/j—la
where
ji—2

a1 =01+ E Qg1
k=1

The numerical scheme describing the already presented general case of structure allowing

to switch between an arbitrary number of orders is given below.

Lemma 4.5. [50] Matriz form of multiple input-additive switching order scheme presented

m Fig. 4.3 is expressed by

—~
o~

LDy f(t) h~% 0 0 0 £(0)
FaD™) £ () Wayy  h (@0t 0 0 F(h)
BDG F() | | waee  Wageaa  hT(@0tEta) 0 f(2h)
{)aDg,(f)f(t) Way,3  Wag+ar,2 Wag+a1+a2,1 0 f(3h>
gaDZl(zt)f<t) Wag,k Wag+ar,k—1 Wag+a;+as,k—2 - - - h_(a0+..'+dk) f<kh’)

In this description, we assume that the order of derivative changes with every time step

(which gives a variable-order derivative), i.e.,
alt)=a; for jR<t<(j+1h, j=0,....k

where '
j
a; = Z Q, (46)

where, in this case, oy = Qg 1S a value of initial order.

Proof. Using Lemma 4.4, the following numerical scheme is obtained

FDe Y f(t) ’ £(0)
: = H W(C_Yja k? j) :
sDy ) ) I f(kh)

The first switching matrices can be described as the following block matrices:

a0 0 1 0
W (ao, k, 0)W (ay, k, 1) = . Lk ‘ Lk
R(ao, 1) | W(ag, k —1) 0| W(ak—1)

B h—ao 01k
R(ag, 1) | W(ag+ar,k—1) )’
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where

For a switching in the next sample time, we obtain the following numerical scheme:

W(ao, k, )W (ay, k, 1))W (g, k, 2)

h~° 0 0151 10 01,61
= Wag1 p~(Go+a) 01 k-1 01 01 k-1
R(60,2) R(ao+ a1, 1)|W(ag+ a1k —2) ) \ 0 0|W(aa,k—1)
h—o 0 01 k-1
= Wagp.1 h~(Go+a1) 01 k-1
R(a,2) R(ao+ aq,1)|W(ap+ aq + aqg, k —2)

In the case of k-th switching of order, we have the following form of the switching matrix

W(O_éo, ]{?, 0)W(O_él, l{?, 1) cee W(O_ék, k?, k‘), i.e.,

h—ao 0 0 0
Wayq ~h~(@0FED) 0 0
k P
. Wayp,2 Wag+-a1,1 h (Got+artas) 0
[[w(ay. &, j)
Way,3  Wag+as,2 Wag+a+az,1 0

Wagk  Wagtark—1  Wag+ar+as,k—2 h (G0t ar)

or shortly, using the relationship (4.6)

h—@o 0 0 0 0
Way,1 h— 0 0 0
k Way,2 Wa 1 h—2 0 0
H W(aj, k. j) = | Wap3  Warz  Was, 0 0 (4.7)
i=0 _ _ _
wao,kfl wahkiQ wa2,k‘73 . h_ak—l 0
Wap,k Way,k—1 Wask—2 -+ Weay_ 4,1 h—ok
|

Corollary 4.6. Lemma 4.5 provides the equivalence between matrix form corresponding to
the multiple input-additive switching order scheme (given by 4.5) and the B-type variable-

order derivative.
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4.4 Experimental results

An analog model of switching system, used in experimental setup, directly based on
the switching scheme given in Fig. 4.3 is shown in Fig. 4.4. The experimental setup
is prepared according to simple-switching block diagram. The first-order integrator is
realized according to traditional scheme based on capacitor while structure of fractional
order impedances are built according to half- and quarter-order approximations (domino-
ladder structures). Due to the inverted signals at the output of operational amplifier,
the proportional gains —1 for integrators A; and As are added. In general cases, the
scheme based on amplifiers A; and Az contains resistor R and impedances 2y, Zs, Z3
chosen according to the particular value of orders. As a realization of switches S; and

Ss, integrated analog switches DG303 are used. The experimental circuit is connected to

data acquision card dSPACE DS1104.

Zy
LT R
b 72
't = R
S A
a } Ay
r*
Z3
| —
a R
Az
Ay e —)
Vin(t)
Vout (t)

Fig. 4.4. Analog realization of the B-type integrator.

4.4.1 Increasing of integration order

Example 4.7. [$2] Integrator with order switching from o = 0.25 to a = 0.5.

In this configuration, the scheme in Fig. 4.4 takes the following structure: Z; and
Z3 are the quarter-order integrators, Z, = R = 100k{). The identification results are
obtained by numerical minimization of time responses square error with sampling time
h = 0.001 s and input signal being u(t) = 0.01 - 1(¢) V.

After identification process, the following models for orders —0.25 and —0.5 are ob-

tained, respectively:

y(t) = oD; " aju(t) = 23.93,D; **u(t),
y(t) = oD; "Pagu(t) = 5.79.D; “u(t),
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which gives rise to the following variable-order integrator:

where (for the switching time 7' = 0.7 s)

23.93 fort < 0.7,
579 fort > 0.7,

and
0.25 fort < 0.7,

0.5 fort>0.7.

a(t) =

Identification results of quarter- and half-order integrators together with their modeling

errors are presented in Fig. 4.5 and Fig. 4.6, respectively. The experimental results of

0.3 ; ; 0.01 . T
025F 0 M,m
02r e output of analog model -0.01 1
= numerical implementation
015 -0.02
S S
0.1 -0.03
0.05 -0.04
0 -0.05
-0.05 ! . -0.06 ' '
0 0.5 1 1.5 0 0.5 1 1.5
t[s] ts]

Fig. 4.5. Identification results of o = 0.25 order integrator (left) and their modeling error (right).

%108

------ output of analog model
= numerical implementation

0.07 r

0.06 -

0.05r

0.04

v
v

0.03r

0.02

0.01 g

0 015 i 1.5 .
t[s] t[s]

Fig. 4.6. Identification results of a = 0.5 order integrator (left) and their modeling error (right).

the B-type integrator with order switching from o = 0.25 to a = 0.5, compared to their

numerical implementation, are presented in Fig. 4.7.
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0.25 T T 0.01

------ analog model
= numerical implementation

021

-0.01

0.15 1 0.02

v
V]

01 -0.03

-0.04

0.05
-0.05

t[s] t[s]

Fig. 4.7. Results of analog and numerical implementation of the B-type variable-order integrator with
order switching from a = 0.25 to a = 0.5 (left) and their modeling error (right).

Example 4.8. [¢2] Integrator with order switching from o = 0.5 to a = 1.

In this configuration, the scheme in Fig. 4.4 takes the following structure: Z; and Z3
are the half-order impedances, Z; = R = 100k(2. The sampling time equals to h = 0.001
s and input signal being u(t) = 0.01 - 1(¢) V. The parameters of the analog models are
obtained by identification method based on step responses, separately for both orders.

After identification process, the following models for orders —0.5 and —1 are obtained,

respectively:

y(t) = oD; “Payu(t) = 17.240D; “Pu(t),
y(t) = oD; tagu(t) = 24.39D; tu(t),

which gives rise to the following variable-order integrator:
y(t) = §D; " a(t)u(®)].

where (for the switching time 7" =1 s)

17.24 fort <1,
24.39 fort>1,

and
0.5 fort<l,

1 for t > 1.

a(t) =
The experimental results of the B-type integrator with order switching from o = 0.5 to
a = 1, compared to their numerical implementation, are presented in Fig. 4.8.

Example 4.9. [¢2] Integrator with order switching form o = 0.5 to a = 1.5.

In this configuration, the scheme presented in Fig. 4.4 takes the following structure:
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0.04  |ereees output of analog model
| |=numerical implementation

0.5 1 1.5 2 25 3 0 0.5 1 15 2 2.5 3
t(s] t[s]

Fig. 4.8. Results of analog and numerical implementation of the B-type integrator with order
switching from a = 0.5 to a = 1 (left) and their modeling error (right).

7y is the first-order capacitor, Z3 is a half-order impedance and Zy = R = 9.65k{2. The
sampling time equals to h = 0.01 s and input signal being u(¢) = 0.01 - 1(¢) V.
After identification process, the following models for orders —0.5 and —1.5 are ob-

tained, respectively:

y(t) = oD; “Payu(t) = 1.47,D; *5u(t),
y(t) = oD; MPagu(t) = 33.90D; Pu(t),

which gives rise to the following variable-order integrator:

y(t) = 5D, [a(t)u(t)],

where (for the switching time 7' =1 s)

1.47 fort <1,
a(t) =
33.9 fort>1,
and
0.5 fort<l,
a(t) =
1.5 fort>1.

The experimental results of the B-type integrator with order switching from a = 0.5 to

a = 1.5, compared to their numerical implementation, are presented in Fig. 4.9.
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0.1 = numerical implementation
0.08
S 006 =
0.04 |
0.02 1 1 -0.5
0 1
0 0.5 1 1.5 0 0.5 1 1.5
t[s] t[s]

Fig. 4.9. Results of analog and numerical implementation of the B-type integrator with order
switching from a = 0.5 to a = 1.5 (left) and their modeling error (right)

Example 4.10. [32] Integrator with order switching from oo =1 to a = 1.5

In this configuration, the scheme in Fig. 4.4 takes the following structure: Z; is a
half-order impedance, Z3 is the first order capacitor and Z, = R = 9.65k{2. The sampling
time equals to h = 0.01 s and input signal being u(t) = 0.01 - 1(¢) V.

After identification process, the following models for orders —1 and —1.5 are obtained,

respectively:

y(t) = oD; taru(t) = 26.320D; u(t),
y(t) = OD;1'50,2U(t) = 37030D;15u(t),

which gives rise to the following variable-order integrator:

where (for the switching time 7" = 0.7 s)

26.32 for t < 0.7,
37.03 fort>0.7,

and
1 for t < 0.7,

1.5 fort>0.7.

at) =

The experimental results of the B-type integrator with order switching from o = 1 to

a = 1.5, compared to the numerical implementation, are presented in Fig. 4.10.
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Fig. 4.10. Results of analog and numerical implementation of the B-type integrator with order
switching from a =1 to a = 1.5 (left) and their modeling error (right).

4.4.2 Decreasing of integration order

Example 4.11. [32] Integrator with order switching from a = 0.5 to a = 0.25.

In this configuration, the scheme in Fig. 4.4 takes the following structure: Z; = R =
100kS2, Z3 is a half-order impedance, and Z; is a quarter-order impedance.

After identification process, the following models for orders —0.5 and —0.25 are ob-

tained, respectively:

y(t) = oD; "Payu(t) = 6.08,D; *u(t),
y(t) = oD; " agu(t) = 1.47,D; "Fu(t),

which gives rise to the following variable-order integrator:
y(t) = §D; " [a(t)u(®)] .
where (for the switching time 7' = 0.7 s)

6.08 fort < 0.7,
1.47 fort > 0.7,

and
0.5 fort<0.7,

0.25 fort>0.7.

The experimental results of the B-type integrator with order switching from o = 0.5 to
a = 0.25, compared to their numerical results, are presented in Fig. 4.11. In this case,
to obtain integrator of order 0.25 from integrator of order 0.5 the derivative of order 0.25
realized on amplifiers A; and A, is added to the input of the first integrator (amplifiers
Az and Ay). Figure 4.12 presents the output signal of amplifier Az, which is an output
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Fig. 4.11. Results of analog and numerical implementation of the B-type integrator with order
switching from a = 0.5 to a = 0.25 (left) and their modeling error (right).

of added derivative. As it can be noticed, the error of variable-order derivative has the
same character as a modeling error of added derivative. However, presented results show

high accuracy of the proposed method.

0.01
= modeling error of added derivative
...... output of added derivative (amplifier A
0l utpu ivative (amplifi 2)7 0.005 -
’ = numerical implementation
25
0.25 0
021
>1-0.005 -
S 015 1
o1r 1 -0.01
0.05r i
-0.015 1
0
-0.05 - : -0.02
0 0.5 1 15 0 0.5 1 15
t[s] t[s]

Fig. 4.12. Results of analog and numerical implementation of added derivative (output of amplifier
As) (left) and modeling error (right).

Example 4.12. [32] Integrator with order switching from o« = 1 to @ = 0.5. In this
configuration, the scheme in Fig. 4.4 takes the following structure: Z; = R = 100k(2, Z,
is a half-order impedance, and finally, Z3 is the first-order integrator based on capacitor
C =2.2uF.

After identification process, the following models for orders —1 and —0.5 are obtained,

respectively:

y(t) = oD; tayu(t) = 17.240D; tu(t),
y(t) = oD; “Pasu(t) = 20.920D; “Pul(t),
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which gives rise to the following variable-order integrator:

where (for the switching time 7' = 0.7 s)

17.24 fort < 0.7,
20.92 fort > 0.7,

and
1 for t < 0.7,

0.5 fort¢t>0.7.

a(t) =

The experimental results of the B-type integrator with order switching from o = 1 to

a = 0.5, compared to their numerical results, are presented in Fig. 4.13. In this case, to

-4
0.08 " i 410
""" analog model
0.07 Hl—numerical implementation
0‘/.‘

L =
0.06 7
0.05 [

S004r =
0.03 [
0.02
0.01
0 -16
0 0.5 1 1.5 0 0.5 1 1.5

t[s] t[s]

Fig. 4.13. Results of analog and numerical implementation of the B-type integrator with order
switching from a =1 to a = 0.5 (left) and modeling error (right).

obtain integrator of order 0.5 from an integrator of order 1, the derivative of order 0.5
realized on amplifiers A; and A, is added to the input of the first integrator (amplifiers As
and Ay). Figure 4.14 presents the output signal of amplifier A, which is output of added
derivative. As it can be noticed, the error of variable-order derivative is bigger than in the
previous example and contributes to the final modeling error. This error can be caused
by domino-ladder approximation, which has good accuracy only in restricted frequency

range. However, the presented results show good accuracy of the proposed method.

4.4.3 Results of the B-type inertial system

If the B-type fractional variable-order integrator presented in Fig. 4.4 appears in forward
path in unity feedback system shown in Fig. 4.15, then the B-type fractional variable-

order inertial system can be taken into account. In general, depending on variable-order
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Fig. 4.14. Results of analog and numerical implementation of added derivative (output of amplifier
As) (left) and modeling error (right)

operator type appearing in forward path, the structure of dynamical system presented in

Fig. 4.15 will be so-called the fractional order inertial system.

+
ut)o—0 soy® oy(t)

Fig. 4.15. Realization of the B-type fractional variable-order inertial system based on fractional
variable-order integral system presented in Fig. 4.4.
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Example 4.13. Inertial system with order switching from —0.5 to —1.

In this case, the scheme presented in Fig. 4.4 takes the following structure: Z; and Z3
are the half-order impedances and resistors Zo = R = 100k(). The identification results
are obtained by numerical minimization of time responses square error with sampling
time 0.001 s and input signal being u(t) = 0.3 1(¢) V. Until switching time the S; switch
is connected to terminal marked as b, and S, switch is connected to terminal a. After
switching time (7" > 0.1s) switches change their positions.

After identification process the following analog models for orders —0.5 and —1 are

obtained, respectively:

y(t) = oD; Payu(t) = 1.260D; “u(t),
y(t) = oD; tagu(t) = 1.68,D; tul(t),

which gives rise to the following variable-order inertial system:

where (for the switching time 7' = 0.5 s)

1.26  for t < 0.5,
1.68 for ¢t > 0.5,

and

—0.5 fort < 0.5,
-1 for ¢ > 0.5.

Identification results and modeling error of @ = 0.5 and a = 1 integrators compared to

their numerical implementations are presented in Fig. 4.16 and Fig. 4.17, respectively.

0.5 T T T T 0.015

output of analog model
L|— numerical implementation

0.01

0.005

v

-0.005

or 1 -0.01

01 I I I I 0.015 I I I I
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

ts] ts]

Fig. 4.16. Identification results of a@ = 0.5 integrator (left) and their modeling error (right).

At the end, the experimental results compared to numerical implementation of the B-type
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0 02 0.4 0.6 0.8 1 0 02 04 0.6 0.8 1
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Fig. 4.17. Identification results of a = 1 integrator (left) and their modeling error (right).

variable-order inertial system, are presented in Fig. 4.18.

1 T 0.04
output of analog model
numerical implementation e 0.03 F
0.02
0.01
= 0
-0.01 f
-0.02
-0.03 1
,02 L L L 7004 il I |
0 0.5 1 1.5 2 0 0.5 1 1.5 2
t[s] ts]

Fig. 4.18. Results of analog and numerical implementation of the B-type inertial system with order
switching from o = —0.5 to & = —1 (left) and their modeling error (right). The input signal equals to
1(t) V.

45 Summary

In this chapter the B-type fractional variable-order definition was introduced with its ma-
trix form representation. It was presented that, the behavior of B-type operator can be
interpreted as a switching order scheme. Based on it, the analog model of B-type integra-
tor was used to collect the experimental data for both cases: increasing and decreasing
integral order. After that, the analog model of inertial system were design and compared
to its numerical implementation. By extension of analog model structure the experimen-
tal setup of B-type integral and inertial system can be easily conducted for multiple order

switching.
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CHAPTER 5

The D-type fractional variable-order

definition

In the chapter, the D-type fractional variable-order difference and derivative are presented
together with their matrix forms. The analog model corresponding to the D-type deriva-
tive is deeply investigated in two variants: as a simple and multiple reductive-switching
model. Then, the manner of dealing with initial conditions in this kind of definition is
considered. At the end, two analog models are used to collect the experimental data of
the D-type integral, inertial, and inertial with initial conditions systems. Finally, experi-
mentally obtained data are compared to their numerical implementations.

The behaviour of the D-type operator were successfully adapted in [64] to modeling

the heat transfer process in grid-holes structure.

5.1 Introduction to D-type fractional variable-order operator

The D-type fractional variable-order operator is related to recursive fractional constant-
order definition described in Section 2.2. It can be achieved, when binomial coefficients
and corresponding orders are defined in the same manner as in A-type fractional variable-

order operator. In this case, the definition has the following form:

Definition 5.1. [75, 88] The D-type fractional variable-order derivative is as follows

h—0

Dyt . f(t) - j —Oz(t) D a(t—jh )
PO F(t) = lim <ha(t)—2<—1>( ; )th_jh( )f(t—Jh)>,

=1

where n = [t/h| and h is a sampling time.

Definition 5.2. [75, 88] The discrete realization of D-type fractional variable-order

derivative is as follows

« f : T H—j
oA fi = h—;l - > (=1) j Hod iy,

j=1



for | =0,1,2,....k.

In Fig. 5.1, plots of step function derivatives (according to Def. 5.1) are presented for
a; = —1, ap = =2, and
-1 for0<t <1,

—2 forl1 <t <2

The step responses presented in Fig. 5.1 behave like a constant-order derivative until

25
Dyas(t)
o Dy? L)
20 P
-
- -
_ _.- -
150 a3() e e :
/‘/ //
=" -
1H ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, /// -
05 -7 oDy 1(t)
B -~ (% -
-7 oD ()
0 _\-——’\————\ 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time

Fig. 5.1. Plots of step function derivatives with respect to the D-type derivative (given by Def. 5.1).

switching time. After that, the output of derivative immediately changes its behavior and

starts to integrate with new order as.

5.2 Matrix approach for the D-type operator

By extension of Def. 5.2 there is possibility to achieve its matrix representation.

Lemma 5.3. [55] The D-type fractional difference given by Def. 5.2 can be expressed in

the following matrix form:

6A0° fo fo
AT fi fi

A2l =98 f2 |,

oA fi Jr

where
QF = Q(a, k) - Q(ar,1)Q(ap, 0), (5.2)
and

h—o Ol,k

Ok | ik

Q(Ozo,O) _ ( ) e R(k-ﬁ-l)x(k—&-l)’
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and forr=1,...k

Ir,r Or,l Or,kfr
Qap,r)=| ¢ || O, | e REFDHEHD, (5-3)

Okfr,r Okfr,l [kfr,kfr

where

Gr = (—W_gyry =W g1y ey —W_gp 1) € R
and wW_q, ; = (—1)1'(*?@)7 fori=1,...,r, i.e., the jth element of q, is

—aq

) =1,...,7
T_j+1), fOT j ’ 77n

(qT)j = W, pr—j+1 = (_1)rj+2(

Proof. 1t is obtained after consecutive evaluating of terms from Definition (5.2) for each

time step [ = 0,1,..., k. First, for [ = 0, we can write
h™™ (0 0 ... 0
SAG° fo h=° f, 0 10 0 fo
fi fi 0 01 0 fi
f2 = f =1 . |2
: : o oo .. 0|l
fr fr 0 00 ) fr
9(a0.0)
Next, for [ = 1:
1 0 0
5AG° fo " 6A0° fo
DA a1 —V_a;,1 h=1 0
OAl fl f].
0 0 1
fa = o fa ;
: 0 0 0 ... 0 :
Ji 0 0 0 .. 1 Ji
Aan,1)

51



forl = 2:

PAY fo
%Agl 1 0 0 ...0\ [BAasef,
0—1 fl DA™
DAO‘QfQ 0 1 0 .0 0821 i
0 ; = | —V_gy2 —V_qy1 h™? 0 f2
3 ) . .
j; 0 0 0 1 i
k N ~- d
Q(a2,2)
and, generally, for [ = r, we have
DAaof
0= Jo o
DA @1 ODAOOfO
01 fl DAoaf
) 0—1 J1
a _ Ir,r 07‘,1 Or,k—r
é)Arillfr—l o —an DA Qr—1
DAarf N a |h Ol,k*T OAT—l fra
0 fr Ok—r,r Ok—r,l Ik:—r,k—r fT
r+1 A ~ d :
. D(Oérﬂ’) :
; Ji
k
Finally, for | = k:
6AG° fo 6AG° fo
DA f PAS f
021 1 0= J1
: _ T | Opa .
DA Gk | b7 DA k-1 |
AV [ N o AN
gAZ‘kfk o fk
where g, = (_wfak,ku cee _w*akyl)'

Combining all this together, completes the proof.

Remark 5.4. Taking the limit h — 0 to the above considerations, the following matrix

form of D-type derivative

is given:

Ppg £(0)
PDYY f(h)
PO F(2h)

PO f(kh)

= lim ng
h—0
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f(kh)
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5.3 Numerical scheme for the D-type operator

This section contains the block diagrams of simple switching case, its generalization for
multiple-switching (variable-order) case and corresponding to them numerical schemes

equivalent to D-type operator.

Simple reductive-switching (variable-order) case

The reductive-switching order case occurs when the initial chain of derivatives is reduced

according to changing the variable-order.

f(t)e
b b
Dd1 L 5~o0—] (D2 B_SD?(t)f(t)
0 0
a So t a Sy

Fig. 5.2. Structure of simple reductive-switching order derivative B‘SD?(O f(¢t) (switching from a; to ao;
configuration before time T')

The idea, introduced in [73], is depicted in Fig. 5.2, where the switches S;, i = 1,2,
change their positions depending on an actual value of «(t). If we want to switch from
a1 to s, then, before switching time 7', we have: S; = a, Sy = b, and after this time:
S; = b and S = a. At the instant time 7', the derivative block of complementary order

@ is disconnected from the front of the derivative block of order as, where
dl = X1 — Q2. (55)

Lemma 5.5. [58] For a reductive-switching order case, when the switch from order oy to

order ag occurs at time T = Th, T € Ny, the numerical scheme has the following form:

=Dg " £ (0) £(0)
5Dy f(h) f(h)

B—sD;(_t)hf(T — h) = lim W(Oég, k'>W(d17 k: T = 1) f(T - h) ?

h—0

D3 (1) £(T)
Dy f(kh) f(kh)

where

W(a —1 07' —T
W(dl,k,T—l):< (04177- ) k—1+1 >’

0k—T+1,T [k:—T—i—l,k:—T-‘,—l
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and
as +ay fort<T,

at) = (5.6)

Qo fort>T.

The order &y, appearing above, is given by relation (5.5).

Proof. Until switching time T, the input of as-block obtains the derivative of &; signal,
and beginning with time step 7', the input signal of as-block obtain the original function
f(t). So, the output signal of simple reductive-switching order scheme presented in Fig. 5.2

can be described as follows

2D £ (1) oD§* £(0)
5D F(t) oD f(h)
FDG (0 | = lim W, ko k) | oDf (kR =) | (5.7)
r-sye(t
2D (1) £(T)
5D f(2) f(kh)
which finally ends the proof. [ |

Multiple reductive-switching (variable-order) case

In general case, when there are many switchings between arbitrary orders, we have the
following structure presented in Fig. 5.3. The reductive-switching order case occurs when

the initial chain of derivatives is reduced according to changing the variable-order.

z(t)o
b b b b DI 51
Dol ... g pi1—e~o—| D P
| a 0 a a oy a 0
Sk Sk—1 So S1

Fig. 5.3. Structure of multiple reductive-switching order derivative 5D} ® f (@) (configuration before
switch between orders ag and «)

Using an natural extension of Lemma 5.5 the multiple reductive-switching order case

can be achieved.
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Lemma 5.6. [58] For a multiple reductive-switching order case, when the switch between

orders ayg, . ..,qy occurs every th time instant, the numerical scheme has the following
form:
5D £(0) 1(0)
r-sTy(t) k
D, f(h f(h
0 “h L . .
5 —-ggéllIWXa%_“k;k Q) |
5Dy f (kh) f(kh)
where
Wiag—i,k—1) Op—iy14
W (s, k, k —1i) = (@ i) Okt ;
Oi k—i+1 "y
and
i1 +a; for 0<t<(i+1)h,
aty=4{ " J (i+1) i=0,... k-1
Qg1 for t > (i+ 1)h,

Based on Lemma 5.7 and Lemma 5.8, the equivalence of the D-type operator and the

multiple reductive-switching scheme can be proved:

Lemma 5.7. [55] The product of matriz forms equivalent to the A- and D-type derivatives

for megative value of orders gives an identity matriz

k
AW (—a, k) [[Qlanj, k= §) = Ieprn. (5.8)

J=0

Proof. Let us write the matrix form of A-type operator for negative value of orders, then

h>o 0 0 0 0
hw_g, 4 hes 0 0 0
h‘”w_a%g haQ’U)_aQ 1 he2 0 0
AW(—Q, k) = ho‘?’w,%g ho‘?’w,%g h‘“”w,as,l 0 0
ho‘k—lw,akwk,l ho‘k—lw,akwk,g hak—lw,akwk,g ... hok-1 0
h*w_g, h*w_q, k-1 h*w_q, k—2 oo h%Rw_g, 1 O

The first matrix product can be described as the following block matrices:

AW (—a, k—1) | 0 Lix| 0
AW (—a, k)Q(ax, k) = (Ca ) ’Zl bk ‘ fal
R(—a,k) | how qui | b

- AW(—O(, k— 1) Ok,l
B Op 1)’
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where

R(_a>i> = <haiwfai,i haiwfai,ifl o haiw*aiJ) )

haiql’i = (—h‘”w,am, —haiw,ai,i,h ceey —haiw,aivl) .
The second matrix product can be expressed by

AW(—O&, k)Q(Oék, k)Q(Oékfl, k — 1)

AW (—a,k —2) 0p_11|0k_11 Iio1 k-1 Og—11 |Op—11
= R(—a,k—1) h™1| 0 Q-1 h™ 1 0
011 0 | 1 Oer 0| 1
AW (=, k —2) 0p_11|0p—11
= 0161 1 0
01,61 0 1

For general case, when 7 = r we have the following matrix product

(AW(—a, k) ﬁﬂ(ak_j, k— j))Q(ak_r, k—r)

Jj=0

AW (—a,k —r — 1) Op—p1 |Op—ry Iieri—r Op—p1 |Op—py
= R(—a,k—r) hek=r| 0 GQr—r h7%| 01,
Oris Ot | I Oier  Opt | Iy
AW(—a,k—1—1) Op_p1|Op_r,
= (G 1 0
O k—r Opp | Ly

Finally, for j = k matrix product equals to
A M . heo | 01 h=% | 01k
W(—a,k) [[Q(ars, k = 5) | Q0. 0) =
- Ok | Lok Ok ‘ Ik

7=0
(1 o
Ok | ik 7

consecutive multiplying all of terms ends the proof.
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Lemma 5.8. [55] The product of multi-switching numerical scheme equivalent to the A-
type deriwative and the multiple reductive-switching scheme for negative value of orders

gives an identity matriz.

k k
(H W(—ozj,k,j)) (H W Gy, ke —j)) = Tpyipm1.
j=0 j=0

AW (—a,k)

Proof. By extension of above terms and using connectivity law the following holds

k—1 k

[T W (=dy. k. ) W(—du, b, )W (du, k. k) HW Gy bk — 7)) =

7=0 Ik+1 E+1 =1

k—2 k

[T W (=ay k) W(=dn 1,k k= )W (a1, k k= 1) [[W (@, k. k= ) =

Jj=0 Ik+:k+l =2

k141 k

[T W=dy k) W(=o, bk = )W (nr b k= 1) T Wlaney bk —j) =
=0 ) Ik+‘1,,k+1 =1

= L1 11

Finally, the following theorem can be formulated.

Theorem 5.9. [55] The multiple reductive-switching order scheme presented in Fig. 5.3
is equivalent to the D-type variable-order derivative given by Def. 5.1.

Proof. The proof is a conclusion directly based on Lemma 5.7 and Lemma 5.8.

k k
AW (—a, k) [T Qlon—j b — j) =2 W(—a, k) [ [ W (Au—j. k. k — ),
j=0 Jj=0
thus,
k k
Hﬂ(ak—]ak _j) = HW(dk—]akak _j)a
i=0 j=0
where a; = Zf:j Q;. [ |

Lemma 5.7 and Lemma 5.8 reveal an interesting property of the fractional variable-
order operators, so-called the duality property. It specifies that the composition of two
particular types of fractional variable-order operator with negative value of orders gives

an original function.
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Remark 5.10. [78, 88] The duality property between 4 and D-types operators.

ADp®) (EDf“)f(t)) _ Pppi) (a*Dt“”f(t)) — 5.

Some additional properties and modifications of the D-type operator appear in [72],

where for e.g. it is successfully used to eliminate the steady-state error in control system.

5.4 Initial conditions for the D-type operator

Considering the initial conditions in the D-type fractional variable-order definition is
motivated by similar reasons as in Section 2.4. The indispensable initial voltage occurring
in fractional order impedances has an impact on experimental results.

This section contains the numerical scheme for considering the initial conditions into
the D-type fractional variable-order definition in the form of finite and infinite length.

, O1]:

Let us remind the D-type recursive difference for time k* |

k*

T fo* - — U p*
0 Ak‘* T+ = hak* E ( 1) ] 0 Ak*_ja}k*ﬂ .

j=1

Again, we assume that the zero time is shifted to some point t* = T. Which can be

interpreted that the system has some initial energy (history). In this case, the difference

Y ]:

can be rewritten in the following form for k = k* — T' |

k+T
« z i T« a
DAYy, = h_:k — § j(—1)ﬂ< j’“)?TAkijk_j. (5.9)

j=1

Then, (5.9) can be rewritten to the form [71, 91]

k—1
«a T [ & «a
DoAYk, = h_ofk - Z(—nﬂ( ; ’“) PrAYE g (5.10)
j=1
k+T o
. —_— k «a
- Z(_l)J ( j >?TAkijk—j :
j=k

It is noticeable, that from practical point of view, the fractional order differences from
DA%z, to PAg_p can be assumed as initial conditions statement for D-type fractional

order difference. In this case, the initial conditions statement is a series from PA%z, to

DAO%.T_T.
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Constant, finite-time initial conditions case

When the system is in a steady state before, for example, control algorithm starts (¢ < 0),

we can admit that P,A%z; = ¢ = const for i« = —T...0. In this case, we can obtain

[71, 91

k—1 k+T
o Lk i — Ok Q—j i — Ok
DAy, = v > :(—1)ﬂ< ; )DTAkfj Th_j —Z(—w( ; >c. (5.11)

Jj=1

Constant, infinite-time initial conditions case

For infinite length of initial conditions, (5.11) can be rewritten to the form of the following

theorem:

Theorem 5.11. [71, 91] The D-type of fractional order difference for initial conditions
in the form of infinite length constant function PA%x; = ¢ = const fori = —oo...0 is

given by the following relation:

k—1
DA, = % S (-1y K—j‘k) DAYy — cl +e (5.12)
j=1

Proof. The second sum in (5.10), for infinite length of initial conditions 7" — oo (what
implies that also T+ k — o0), can be obtained in the following form

St (T )em S (e e ()

J

Using Remark 2.10 we obtain

25 - 5 (-2 ()

=k 7=0 7=0
k—1 L
— o= e (e
=1 J
and combining with (5.11) finishes the proof. [ |

Continuous-time case

In the continuous-time domain the scheme for including the initial conditions in the form

of infinite length can be introduced as:

Theorem 5.12. [71, 91] The D-type fractional variable-order derivative for initial con-

ditions in the form of infinite length constant function P Df‘(t)f(t) = ¢ = const for

—00
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t = (—00,0) is given by the following relation:
-1

20050 = iy - -0 | (T )i - e

1

<

Proof. The proof can be done in similar way as proof of Theorem 5.11. |

5.5 Experimental setup of simple switching order case

Analog model of switching system, used in experimental setup, corresponding to the
switching scheme given in Fig. 5.2, is presented in Fig 5.4. Due to the use of operational
amplifiers, the signals with inverted polarization are obtained. So, the analog realization
require the additional amplifiers with gain —1 for each integrator (amplifiers A, and
Ay). In general cases, the scheme based on amplifiers A; and Aj contains resistors R
and impedances Z;, Zs chosen according to the type of realized orders. As a realization
of switches S; and Sy, integrated analog switches DG303 are used. In order to obtain
impedance order, which equal to 0.5 or 0.25, the domino-ladder approximations are used.
The experimental circuit is connected to the dSPACE DS1104 PPC card with a PC. At the
beginning both integrators are connected in series (switch S; is in position a, and switch
Sy is in position b), and after order switching, in time 7', the integrator at beginning of
the chain (based on impedance Z;) is disconnected. So, switch S is in position b, and
switch S5 is in position a.

Z

Zy

b " > R
Az -
+ Ay Lo
Vin(t)

1 4 L 1

Fig. 5.4. Analog realization of the D-type of fractional variable-order integrator.
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Fig. 5.5. Results of analog and numerical implementation of the D-type fractional variable-order
integrator for switching order from a = 0.5 to o = 0.25 (left) and their modeling error (right).

5.5.1 Results of the D-type integrators

Example 5.13. [38] Integrator with order switching from a = 0.5 to a = 0.25.

In this case, the scheme shown in Fig. 5.4, contains the following structure: Z; and
Zy are the quarter-order integrators, R = 100k(). The identification results are obtained
by numerical minimization of time responses square error with sampling time 0.001 s and
input signal being u(t) = 1(¢) V.

After identification process, the following models for orders —0.5 and —0.25 are ob-

tained, respectively:

y(t) = oD; “Payu(t) = 0.0567,D; *u(t),
y(t) = oD; “Fagu(t) = 0.2359,D; " u(t),

which gives rise to the following variable-order integrator:
y(t) = 7D " fa(t)u(t)]
where (for the switching time 7' = 0.7 s)

5.6719  for t < 0.7,
23.5856  for t > 0.7,

and
0.5 fort<0.7,

0.25 fort>0.7.

The experimental results compared to numerical implementation of the D-type variable-

order integrator are presented in Fig. 5.5.

61



0.025

------ output of analog model
= numerical implementation

0.02

0.015 -

v
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Fig. 5.6. Results of analog and numerical implementation of the D-type fractional variable-order
integrator for switching order from o = 1 to @ = 0.5 (left) and their modeling error (right).

Example 5.14. [38] Integrator with order switching from a =1 to a = 0.5.

In this configuration, the scheme shown in Fig. 5.4, contains the following structure:
Zy and Z, are the half order integrators, R = 100k{). The identification results are
obtained by numerical minimization of time responses square error with sampling time
T, = 0.001 s and input signal being u(t) = 0.01 - 1(¢) V.

After identification process, the following models for order —1 and —0.5 are obtained,

respectively:

y(t) = oD; rayu(t) = 2.23,D; M u(t),
y(t) = oD; “Pasu(t) = 1.49400D; *Pul(t),

which gives rise to the following variable-order integrator:
y(t) = 7D, " fa(t)u(t))
where (for the switching time T'= 0.7 s)

2.23 for t < 0.7,
1.4940 fort > 0.7,

and
1 for t < 0.7,

0.5 fort¢>0.7.

a(t) =

The experimental results compared to numerical implementation of the D-type variable-

order integrator are presented in Fig. 5.6.
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0.025
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Fig. 5.7. Results of analog and numerical implementation of the D-type fractional variable-order
integrator for switching order from a = 0.5 to o = 0.25 (left) and their modeling error (right).

Example 5.15. [38] Integrator with order switching from a = 0.5 to a = 0.25, time
response on a ramp function.

In this example, configuration of the experimental setup is similar to the one already
used in Example 5.13. The identification results are obtained by numerical minimization
of time responses square error with sampling time 7, = 0.001 s and input signal being a
ramp function u(t) =0.1-¢-1(t) V.

After identification process, the following models for orders —0.5 and —0.25 are ob-

tained, respectively:

y(t) = oD; “Payu(t) = 0.057,D; " ul(t),
y(t) = oD; “Fagu(t) = 0.2358,D; **u(t),

which gives rise to the following variable-order integrator:
y(t) = 5D, " fa(t)u(t)],
where (for the switching time 7' = 0.7 s)

0.057 for t < 0.7,
0.2358 for ¢t > 0.7,

and
0.5 fort<0.7,

0.25 fort>0.7.

at) =

The experimental results compared to numerical implementation of the D-type variable-

order integrator are presented in Fig. 5.7.
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Fig. 5.8. Results of analog and numerical implementation of the D-type fractional variable-order
integrator for switching order from o = 1 to @ = 0.5 (left) and their modeling error (right).

Example 5.16. [88] Integrator with order switching from oo = 1 to a = 0.5, time response
on a ramp function.

In this example, configuration of the experimental setup is similar to the one already
used in Example 5.14. The identification results are obtained by numerical minimization
of time responses square error with sampling time 7, = 0.001 s and input signal being
ramp function u(t) =0.1-¢-1(¢) V.

After identification process, the following models for orders —1 and —0.5 are obtained,

respectively:

y(t) = oD; taqu(t) = 1.7824¢D; tu(t),
y(t) = oD; “Payu(t) = 1.3514D; %Pu(t).

which gives rise to the following variable-order integrator:
y(t) = 5D, " fa(t)u(t)],
where (for the switching time 7' = 0.7 s)

0.17824 for t < 0.7,
1.3514  for ¢t > 0.7,

and
1 for t < 0.7,

0.5 fort¢t>0.7.

at) =

The experimental results compared to numerical implementation of the D-type variable-

order integrator are presented in Fig. 5.8.
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5.5.2 Results of the D-type inertial systems with initial conditions

Realization of the fractional variable-order inertial system based on fractional variable-
order integral system presented in Fig. 5.4 is shown in Fig. 5.9. The order of the system
depends on 73, Z, impedances and position of S; and Sy switches presented in Fig. 5.4.
When S; and S5 switches do not change their positions during experiment, then system
is considering as a fractional constant-order inertial system.

To gather data for fractional variable-order inertial system with initial conditions the
domino-ladder structure is firstly loaded to the initial value of voltage, and then the

scheme presented in 5.9 is running with u(t) = 0.

+
ut)o—0 oy oy(t)

Fig. 5.9. Realization of the D-type fractional variable-order inertial system based on fractional
variable-order integral system presented in Fig. 5.4.

Example 5.17. [71, 91] Inertial system with order switching from —0.5 to —0.25.

In this case, the scheme presented in Fig. 5.4 takes the following structure: 2y, Z,
are quarter-order impedances, resistors R = 5k{) and until switching time the S switch
is connected to terminal marked as a and S5 switch is connected to terminal b. After
switching time (7' > 0.7 s) switches change their positions. The initial value of voltage
equals to 0.2 V and the sample time is chosen to 0.001 s.

The identification parameters for half- and quarter-order integrators are shown in

Fig 2.3 and in Fig. 2.4. So, identified variable-order system has the following form:

y(t) = 2D a(t) (u(t) — ()]
where (for the switching time T'= 0.7 s)

20 for t < 0.7,
1.55 fort > 0.7,

and
—0.5 fort < 0.7,

—0.25 fort >0.7.

The experimental results of fractional variable-order inertial system with order switching
between —0.5 to —0.25 at time T" = 0.7 s, compared to the numerical results, are presented
in Fig. 5.10.

65



3 | | ‘ 0.07
...... output of analog model

0.18} —numerical implementation| | 0.06 |
0.16 |
0.05
0.14 |
0.12} ool
S 04 , S 0.03}

0.08

0.06

0.04

0.02r

0 0.5 1 15 2 0 0.5 1 1.5 2
t[s] t[s]

Fig. 5.10. Results of analog and numerical implementation of the D-type inertial system with initial
condition equals to 0.2 V (left) and their modeling error (right).

5.6 Experimental setup of multiple-switching analog model

The analog model of D-type derivative implemented directly as the switching strat-
egy given in Fig. 5.3 gives a possibility to switch order only once. However, for both
impedances Z; and Z5 being the half-order impedances this integrator can be extended to
multi-switching structure, and then allows to change the order between a = 1 and o = 0.5
in any time. As it can be noticed, before order switching, voltage on impedance Z5 is the
same as for integrator of order & = 1. This means that the half-order impedance is charged
by the same voltage as a first order integrator. After switching order to a = 0.5, the first
integrator, based on impedance 71, is took out and the signal comes directly to the second
integrator (based on Zs). This means, that before switching time we can charge only one
half order impedance with the voltage originating from the first order integrator. After
switching time we can use integrator, charged by the voltage of domino-ladder. Based on

it, the multiple switching analog model can be build.

5.6.1 Realization of the multiple-switching analog model

Multiple-switching analog model, designed according to D-type fractional variable-order

integral is presented in Fig. 5.11. The experimental setup contains:

dSPACE DS1104 PPC card with a PC,

operational amplifiers TLO71,

e analog switches DG303,

passive elements such as:

— resistors with the following values: R = 750k}, Ry = 2.4k), Ry, = 8.2k(2,
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Ry

Fig. 5.11. Multiple-switching analog realization of the D-type fractional variable-order integrator.

— capacitors with the following values: C'; = 330nF, Cy = 220nF.

Depending on switches position marked as S in Fig. 5.11, the circuit can be described

by fractional order integral system (« = 0.5) or traditional integral system (a = 1).

1. For a case, when S-switches are connected to terminals marked as 1, the following

fractional order derivative function has been obtained:
yl (t) = alth_lu(t)7 (513)

where a1 is a time constant.

2. For a case, when S-switches are connected to terminals marked as 2, the following

fractional order derivative function has been obtained:

Yo (t) = azoD; " ult), (5.14)

where as is a time constant of the half order integral; it should be stressed that Ty # T7.
To invert polarization of output signal, the A3 operational amplifier are used.

Based on switches position, the system can be switched in two ways:

1. switching from terminals 1 to 2: In this case, the system described by the first order
integral y; () is switched to system of order half described by function y,(t). To keep
the behavior of the D-type definition, it is necessary to maintain a continuous voltage

of capacitors in the rest branches, between terminals marked as 1. The voltages of
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capacitors are set to the value of voltage on the capacitor in the first order integral
system (the first capacitor). The main idea has been shown in Fig. 5.11. The
initial value of the half order analog model are values of voltage on capacitors in
all branches. In the proposed realization of the switching order method, capacitors
in branches that are not used in the first order process are charged to the value

obtained on the first branch (first order integrator) by voltage follower As;

2. switching from terminals 2 to 1:

In this case the system described by function y,(t) (half order) is switched to system
described by the function y; (¢) (first order). In this configuration, branches in closed-
loop are connected to terminals marked as 2, and after switching, the terminals are

changed to 1.

It is worth to notice that the presented realization is the multiple-switching analog

model. Position of switches (S; and Sy) can be change in any time ¢.

Example 5.18. [89] Results of the multiple-switching integrator.

The identification results for multiple-switching integrator are obtained by numerical
minimization of time responses square error with sampling time 0.001 s and input signal
being u(t) = 0.1-1(¢) V.

After identification process, the following models for orders —0.5 and —1 are obtained:

y(t) = oD; %Payu(t) = 0.185,D; *Pu(t),
y(t) = oD; tagu(t) = 3.7,D; u(t),

which gives rise to the following variable-order integrator:
y(t) =50, " la(t)u(t)].
The order a(t) and parameter a(t) change their values according to

Qaq fOl“ t e [0, l) U [17 )7
Oz(t) = 1 : 3 (5'15)
ap fortel;,1)Ul3,2),

N

\]

and
a; forte[0,)UlL,?),
alt)y =4 0,2) V1L 3) (5.16)
ay forte [, 1)U[3,2).
Thus, the switches of the variable-order (and gain coefficients) occur at time-instants
ti=05t,t=0,...,N, N =4

Identification results and the difference between step responses of analog model and

W

ol
N\

)

its numerical implementation are presented in Fig. 5.12 for & = 0.5 order integrator, and
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Fig. 5.12. Identification results of constant-order o = 0.5 integrator (left) and their modeling error

(right).
-3
04 ‘ : : ‘ g 10
output of analog model

0.351  |——numerical implementation

03r
025

> o02f >

015

0.1r
0.05

0 . . . . 8 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t[s] t[s]

Fig. 5.13. Identification results of constant-order a = 1 integrator (left) and their modeling error
(right).

in Fig. 5.13 for a« = 1 order integrator.

The experimental results compared to numerical implementation of the multiple-
switching variable-order integrator based on D-type derivative are presented in Fig. 5.14
and in Fig. 5.15.

5.6.2 Realization of the multiple-switching inertial system

When multiple-switching analog model of fractional variable-order integral presented in
Fig. 5.11 appears in forward path in Fig. 5.9, then the multi-switching inertial system
equivalent to D-type inertial system can be designed. The order of the system depends
on position of S; and S switches presented in Fig. 5.11. When S; and S switches do
not change their positions during experiment, the system is considering as a fractional

constant-order inertial system.

Example 5.19. [29] The multiple-switching inertial systems.

The order a(t) and parameter a(t) change their values according to (5.15) and (5.16).
So, the parameters’ identification of half and first order integrator are presented in
Fig. 5.12 and in Fig. 5.13.
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Fig. 5.14. Results of multiple-switching integral analog model and its numerical implementation for
a1 = 0.5, ag =1, a; = 0.185, and as = 3.7 (left); modeling error (right).

%107

0.3 T T T 6
output of analog model
0.25 | |—— numerical implementation

V]
V]

-0.05 . . . 6 . . .
0 0.5 1 1.5 2 0 0.5 1 1.5 2

t[s] t[s]

Fig. 5.15. Results of multiple-switching integral analog model and its numerical implementation for
a1 =1, ap = 0.5, a1 = 3.7 and as = 0.185 (left); modeling error (right).
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Thus, the identification results for multiple-switching variable-order inertial system

has the following form
y(t) = FD7 a(t) (u(t) — y(t))]-

The experimental results compared to numerical implementation of the multiple-
switching variable-order inertial system based on D-type integrator are presented in
Fig. 5.14 and in Fig. 5.15.

0.1 T T T 4

S 0.04 = 0]
output of analog model n
0.02 —numerical implementation | -
2 Il
of
-3
0.02 : : : 4 A ‘ ‘
0 0.5 1 1.5 2 0 0.5 1 1.5 2
t[s] t[s]

Fig. 5.16. Results of multiple-switching inertial system and its numerical implementation for
a; = —0.5, ag = —1, a; = 0.185, and as = 3.7 (left) and their modeling error (right).
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ol
0.02 . . . 5 . . .
0 0.5 1 1.5 2 0 0.5 1 1.5 2
t[s] t[s]
Fig. 5.17. Results of multiple-switching inertial system and its numerical implementation for oy = —1,

ag = —0.5, a1 = 3.7 and ay = 0.185 (left) and their modeling error (right).

5.7 Summary

At the beginning of this chapter the D-type fractional variable-order difference and deriva-
tive were introduced. It was proved that the D-type definition can be presented as the
reductive-switching order scheme. Then, based on the analogy for such switching scheme
its equivalence to the multiple-switching analog model was given. A huge advantage of
multiple-switching scheme against to reductive one is a possibility to change the order

of D-type derivative between —0.5 and —1 in any time based on invariable structure.
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There is no necessary to extend the electrical circuit to the additional operational am-
plifiers. The method for including initial conditions into D-type definition in the form
of finite and infinite time was investigated as well. The second part of this chapter was
devoted to validation of theoretical considerations. The experimentally obtained data for
reductive-switching and multiple-switching integrals were compared to their numerical
implementation. Moreover, the multiple-switching analog model was used to gather the
data for D-type inertial systems. At the end, the reductive-switching analog model were
used to collect the data for D-type inertial system with initial conditions. All presented

experimental results show high accuracy of proposed method.
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CHAPTER 6

The £-type fractional variable-order

definition

In this chapter the £-type fractional variable-order difference and derivative are presented
together with their matrix forms. Equivalence of numerical switching scheme to the &-
type derivative is proved. Moreover, a method for considering the initial conditions into
E-type definition is introduced. The order composition properties of E-type derivative
with constant-order derivative are proved as well. At the end, to validate the theoret-
ical considerations, the analog models being the realizations of fractional variable-order
integral, inertial and inertial with initial conditions systems are build and used to gather
the experimental data. Then, the experimental data are compared to their numerical

implementations.

6.1 Introduction to £-type fractional variable-order operator

The &-type fractional variable-order operator is related to recursive fractional constant-
order definition and can be achieved in the case, when binomial coefficients and corre-
sponding orders are defined in the same manner as in B-type fractional variable-order

operator. In this case, the definition has the following form:

Definition 6.1. [31] The E-type fractional variable-order derivative is as follows

a NS IONES (—alt = gh)\ Rt
sDF£(®) = lim <ha(t) D e oD @) |
j=1

where n = |t/h| and h is a sampling time.

Definition 6.2. [31] The discrete realization of £-type fractional variable-order derivative
is as follows i

EAQ fl i — X hei=i ay—j

AT = = SO (T ) A

j=1 J



for | =0,1,2,....k.

In Fig. 6.1, plots of step function derivatives (according to Def. 6.1) are presented for
a; = —1, ap = =2, and
-1 for0<t <1,

—2 forl1 <t <2

Until switching time the output of E-type derivative (see Fig. 6.1) behaves like a constant-

25

2 A
151 —as3 (t) ODfl 1(t) B ,,//'///

! © oDy ()" i
0.5 + |

§D7e01(t)
0 1 et 7\ 1 1 | | |
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Fig. 6.1. Plots of step function derivatives with respect to the E-type derivative (given by Def. 6.1).

order derivative. The big difference occurs at the switching time instant, then £-type

definition keep to integrate with new order beginning with zero initial value.

6.2 Matrix approach for the £-type operator

By extension of Def. 6.2 there is possibility to achieve its matrix representation.

Lemma 6.3. [71] The E-type fractional difference given by Def. 0.2 can be expressed in

the following matrix form:

545" fo fo
gAClxlfl k fl
5A32f2 IHQ(Oékfpk—j) E )
: J=0 :
AL fi fr

where (forr=1,...,k)

Irr 07“,1 Or,k—r
Q(am T) = q1,r h=ar Ol r—I )

Ok—r,r Ok—'r',l Ik—r,k—r
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—hoo —hoa —hor-1
q1r = R W—qq,r, hor W_gy =1y W—q,_1,1

her
_ _Cfao,r _Cfal,rfl _Cfar_l,l
a0 a0 har )
and wa; = (—1)(9).
Proof. 1t is obtained after consecutive evaluating Definition 6.2 for [ = 0,1, ..., k. First,

for [ = 0, it can be written as

o 00 ... 0
SAao
050" fo o 10 ... ol
h 0 01 of [/
f2 = . . R RE
: 0o 00 .. 0"
T 0 0 0 1)\
9(a0,0)
Next, for [ = 1:

. 1 0 0 .
5A0° fo o1 peen 0 5A5° fo
DA i hgl 0 1 0 h

fo | = . S fo 1,

: 0 0 0 ... 0 :

Je 0 0 0 1 T

A(a1,1)
for [ = 2:

EAaOf

00 0 @
N 1 0 0 ... 0\ [EA%f,
£ nas 0 1 0 0 |§A™f
0A2 f2 _ | =C-ap,2 —C-oaq,1 h—a2 O f

= Fan o 2 ,

f3 .

: 0 0 0 1 i
Jr N -~

N(a2,2)

[0)



and generally, for [ = r, we have

5A8° fo

EAaoJc
0=0 JO
SAT A

E AN

OAI fl
]T,r Or,l Or,k—'r .

_ —Quy E N Qr—1

- qi,r h=< Ol,k—r oAril fr—l

E Opr—1
OArfl fr—l

FAS,
o Okfr,r Oka,l kar,k:fr fr
f7“+1 ~~ J/ .
. Q(ar,r) :
' f
Jr
Finally, for [ = k:
5A5° fo EAG° fo
(‘:Aalf gAalf
0—1 J1 041 J1
. B ( Iig | Oka ) :
o G | b= o ’
((‘):Akillfkfl ~ Q(v o - S‘Akillfkfl
SO fi o Ir
where
_hOéo _hoq _hak,l
q1.k = ( hon W—ag,k> Ww—al,k—l, 0 T har w—ak1,1>
. _C—OCOJC _C—Oq,k’—l _C—ak,1,1
— o her 0 har )
Combining all this together, ends the proof. [ |

Remark 6.4. Taking the limit h — 0 to the above considerations, the following matrix

form of £-type derivative is given:

£Dg" £(0) £(0)

EDY f(h) A f(h)

55 f(2h) | = lim [T Q(aw—y k= j) | F2h) | . (6.2)
j=0 :

DY £ (kh) f(kh)

6.3 Numerical scheme for the £-type operator

This section contains the block diagrams of simple switching case, its generalization for
multiple-switching (variable-order) case and corresponding to them numerical schemes

equivalent to £-type operator.
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Simple output-additive switching order case

The idea of output-additive switching scheme is depicted in Fig. 6.2, where all the switches
S;, i = 1,2, change their positions depending on an actual value of «(t). If we want to
switch from oy to ag, then, before switching time T, all switches (S7 and Ss) are connected
to terminals a, and after this time switches change positions to terminals b. At the instant
time 7', the derivative block of complementary order as is connected at the end of the

current derivative block of order a;, where
Qg = Qg — Q. (63)

If & < 0, then 7D corresponds to integration of f(t); and, if s > 0, then 7D

corresponds to derivative of f(t), with appropriate order as.

S ~ S o—aDa(t) t
£ (1) o] oDt o Dz Lo w0 s
a

I a:[
Fig. 6.2. Structure of simple-switching order derivative (switching from a; to a; + @s) as an
output-additive switching scheme

Now, the numerical scheme corresponding to the above derivative switching structure

is introduced.

Lemma 6.5. For a switching order case, when the switch from order oy to order as
occurs at time T (the corresponding sample number k is such that T = kh ), the numerical

scheme has the following form.:

s*De (1) £(0)
sDp Y f(t) f(h)
g-aDj,gt_)l)hf(t) = lim W (a, k, k)W (o, k) | f(kh—h) |, (6.4)
sDY £ () F(T)
D f(t) f(kh)

where
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and

« ort <T,
() = 4 J
ar+ay fort>T.

The order ay, appearing above, is given by relation (6.3).
Proof. Beginning with time step 7', the derivative of order a; is added in series to block of

derivative of order a;;. So, the signal incoming to the block of derivative @, is a derivative

of order ay. Thus, the output signal can be described by

DI f (1) oDg £ ()
DY £ (1) oDY £ (t)
DG, () | = lm W (@, k. k) | oD, F (1) (6.5)
DI £ (1) DY f(t)
sDi £(1) DL f(1)

The (6.5) written in one equation require an identity sub-matrix corresponding to o
block, responsible for passing the input signal directly to the block of a; order derivative,

until first time interval. Actually, this fact ends the proof. [ |

Multiple output-additive switching (variable-order) case

In general case, when there are many switchings between arbitrary orders, we have the

following structure presented in Fig. 6.3.

- >

gDy (1)

b b b b
f(t)c OD?O _Ma’_ P _o?a_tk_lD?k—l /5asta tkD?k / ba
S1 k—1 k

Fig. 6.3. Realization of £-type derivative in the form of switching scheme, where &; = o; — a1,
j=1,...,k, (configuration at time t = ty)

Let us assume that the order of derivative changes with every time step (which gives

a variable-order derivative), i.e.,
aft)=a; for jh<t<(j+1)h, j=0,...k,

where

o = Z@ (6.6)



where, in this case, oy = @q is a value of initial order. Using Lemma 6.5, the following

numerical scheme of Fig. 6.3 is obtained

D r)\ £(0)
: =[IW(aw. k. k—j)|
Dy ) f(kh)

It can be proved that, the output-additive switching order scheme shown in Fig. 6.3
is equivalent to the £-type fractional variable-order derivative. To do this, let us first

introduce Lemma 6.6 and Lemma 6.7.

Lemma 6.6. The product of matriz forms equivalent to the B- and &-type operators, for

negative value of orders gives an identity matriz

k
BW (—a, k) [[Qlan—j, k= 5) = D (6.7)

J=0

Proof. The matrix form of the B-type operator for negative value of orders can be ex-

pressed by
ho 0 0 0 0
hw_q, 1 h*t 0 0 0
hw_q, 2 htw_gq,1 he2 0 0
BW(—a, k) = | h™w_p,3 h* w_q, 2 ho?w_q, 1 0 0
haow_ao,k_l halw_ahk_g thw_o%k_g ce h*k-1 0
hw_oy e hMw_g, k-1 A?wW_ny k-2 ... A lw_,, 1 h

The first matrix product can be described as the following block matrices:

BYW(—a,k—1)]0 Ix | 0
BW(—Oé, k)Q(O./k, k‘) _ ( ) l;,l k.k ‘ f,al
R(—a.k) [ h )\ qu | ho

. BW(—Oé, k — 1) Ok,l
01.% 1 )

where

y N QO « o —
R(—a,i) = (h W_pgi hMW_gy o1 -+ hY 1w_ai,1,1)7

hiqr; = (—h™w_agi —h ™ W_ay i1, ., —h " W_a, 1)

79



The second matrix product can be expre

ssed by

BW (—a, B)Q (o, k)Q(og—1, k — 1)

BW(—a,k —2) 0p—1.1|0k-11 Ii1 k=1 Op—11 [Op—1.1
= R(—a,k—1) h™1| 0 Q-1 h™ 1 0
01kt 0 | 1 Oes 0 | 1
BW(—a,k —2) 0p—11|0k-1.1
= 01 k-1 1 0
01,61 0 1

For general case, when j = r we have the following matrix product

[

r—1

BW (—a, k) Ha(ak_j, k— j))Q(ak_T, k—r)

BW(_O[’ k—r— 1) Ok—'r,l Ok—r,r ]k—r,k'—'r Ok—'r’,l Ok—'r,r
= R(—a,k—r)  h*r| 0 qg—r h™ 7| 01,
Or,k—’r‘ 07",1 Ir,r Or,k—r 07‘,1 ‘ ]r,T
BW(_aa k—r— 1) Ok—r,l Ok:—rm
= 01k 1|0
Or,k—r Or,l [r,r
Finally, for j = k matrix product equals to
5 e ‘ heo |0\ (b |04y
W(—a,k) [ [ Q(er—s, k = 5) | Qao, 0) =
<o Or,1 | Lrk Ok,1 ‘ T

1
Ok

01 %

I i

(ai)

Consecutive multiplying all of terms from Lemma 6.6 ends the proof. [ |

Lemma 6.7. The product of multi-switching numerical scheme equivalent to the B-type

derivative and the multi-switching output-additive scheme gives an identity matrix, i.e.,

(H W(—a;, k,j)) ( ) = i1kt

J/

k
W k k- j)

=0

'

BW (—a,k)
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Proof. By extension of above terms and using connectivity law the following holds

k—1 k
HW(—@j,k,j)W( ag, k, )W (ag, k, k) HW g, bk —j) =
7=0 Ik+l k1 7=1
k—2 k
[IWa k)W (=a bk = OW (@1, bk = 1) [T W@ k. k= j) =
J=0 Ik+:k+1 =2
k—l+1 k
H W(—a{j7k7j) W(—O_jk,l,k,k—l)w<ak l7k k_l H W ak*jvlﬁk_j) =
. Ik+:k+1 j=l—1

v = Tpg1 k-

Finally, the following theorem can be formulated:

Theorem 6.8. The output-additive switching order scheme presented in Fig. 6.3 1s equiv-

alent to the &-type variable-order deriwative given by Definition 6.1.

Proof. The proof is a conclusion directly based on Lemma 6.6 and Lemma 6.7.

k k
W (—a, k) [ [ Qlanss k = ) = "W (—a, k) [[ W (@u—y, k. k — j).
j=0 Jj=0
thus,
k k
[T k=35) =[] W@,k k=),
j=0 =0
where a; = S @ [ ]

Above considerations show that composition of B- and £-type fractional variable-order
operators for negative values of orders give an identity. So, Lemma 6.7 and Lemma 6.6

imply the duality property between B- and £-type operators.

Remark 6.9. [78] The duality property between B and E-types variable-order operators
o7 (50 10) ) =500 (500°050)) = 50

6.4 Initial conditions of the £-type operator

This section contains the numerical scheme for considering the initial conditions into the

E-type fractional variable-order definition in the form of finite and infinite length. It is
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some kind of reference to initial conditions for recursive constant (Sections 2.4) and D-

type operators (Section 5.4). The E-type recursive difference for time k* is defined by

[29]:

E A Qpr Tk v [ Tk hx N )

DA T = 2o Z;( 1) ( ; ) P TA O (6.8)
]:

Obviously, (6.8) can be interpreted as a situatin where zero time is shifted to the point

= T. And, it means, that the system possesses some initial energy (history). In this

case, the difference can be rewritten in the following form for k = k* — T [29]:

- k+T o\ B
At = _Z(_w( j ) NG (6.9)
j=1

Thus, (6.9) can be rewritten to the form [29]

k—1
«a Tk if —Ok—j hok=i «a
A = _Z(_D]( j ]) oA T (6.10)
j=1
k+T )
f — O hok= J a
) ZH)J( j ) oA T
=k

By assumption that oj_; = ap (where ap=const) for j > k we can write (6.10) in the

form [29]
k— o
& Noky Tk Z Oék] hok=i ¢ A g (6.11)
AV how a : how —T k=i k—j :
k+T
heo ([~
o hewk Z(_l)J< j 0) Aao xk =J-
j=k

The condition ay_; = o (for j > k) means that until zero-time all past cy,_; orders equals
to o constant-order. The fractional order differences from A%z, to A%z _4 can be
admitted as initial conditions statement for £-type fractional order difference. The initial

condition case is interpreted as a series from €A%z, to A%z _p.

Constant, finite-time initial conditions case

When the system is in a steady state before for example control algorithm starts (¢ < 0),

what is easy to imagine in practical application, we can assume that &, A%z; = ¢ = const
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for i = —T'...0. In this can we can obtain [29]

k—1
o x =i\ h*=i o
iTAkkﬁL’k = hoi — E (—1>]( jk J) hak fTAkijjxk,j (612)
j=1
k+T
heo : —Oé(]>
— E —1)/ T e.
hak j:k( ) ( j

Constant, infinite-time initial conditions case

For infinite length of initial conditions, (6.12) can be rewritten to the form of the following

theorem:

Theorem 6.10. [29] The E-type fractional order difference for initial conditions in the
form of infinite length constant function ¢A*x; = ¢ = const and oy = const for i =

—00...0 is given by the following relation:

k—1
«a x z : i —Qp—j | h%- Qp_
=1

— O hao hao
_ ] o cl + hon C.

Proof. Due to the «aq is a constant value, the second sum in (6.11), for infinite length
of initial conditions 7" — oo (it implies that also 7'+ k — o0), can be obtained in the

following form

> (T)e= k,_:f‘”j (75°)e ii(‘”j (5)

J=0

<

Using Remark 2.10 we obtain the following

S (7 = 5 (55 (7)

i=k j=0 7=0
k—1 —a
= —C—Z(—l)j< “e,
j=1 J
and combining with (6.12) end the proof. |

Continuous-time case

In the continuous-time domain the scheme for including the initial conditions in the form

of infinite length can be introduced as:
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Theorem 6.11. [20] The E-type fractional variable-order derivative for initial conditions
in the form of infinite length constant function foon(t)f(t) = ¢ = const fort = (—00,0)

18 given by the following relation:

k-1 : a(t—j
L 0p0ste) = A0Sy [T e o

ha(t) — j ha(t) —
—a(0) h© h(0)
— < j ha(t)c} + ha(t)c.
Proof. The proof can be done in similar way as proof of Theorem 6.10. |

6.5 Orders composition properties

In this section, the orders composition properties of the £-type derivative with constant-
order differ-integral is shown based on output-additive switching scheme. The multiple
output-additive switching structure represents the situation, when order of the &-type
operator can be changed in every time step. The order composition properties with
constant-order differ-integral can be proved based on equivalence between the E-type def-
inition and its switching scheme. Then, it can be proved that the composition property
with constant-order differ-integral holds, but only in one direction, i.e., it is not commu-
tative, and it depends on the sequence of composition. Two cases of composition orders
are depicted in Fig. 6.4 and Fig. 6.5. Let us consider the switching scheme presented

r J [ o |
b b b b

a a Qe / a &g _a
o] o0t f{ubit ot ot el Tt o
S1 k—1 k

Fig. 6.4. Composition of output-additive switching scheme with fractional constant-order
differ-integral from left-hand side, i.e., ng(t)thﬂf(t) = gD?(tHﬁf(t).

in Fig. 6.4 with fractional constant-order derivative from the left-hand side. Then, the

following theorem can be written:

Theorem 6.12. [72] The following composition property holds
5Dy aD] f(t) = §DF A (8),

for a(t) # const and 5 # 0.
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Proof. Directly based on Fig. 6.4, the following equation can be formulated
o Df* -, DD f(t) = 5D oD £ (2). (6.14)

Due to the composition property for fractional constant-order operator given by (2.3),

(6.14) can be rewritten to the form
o D7 - DDA () = D7 A (1),

which ends the proof. [ ]

To show that composition property is not commutative it is enough to prove that
such property does not holds on time interval for 0 < t < t5. Then, we can constraint

the output-additive switching scheme presented in Fig. 6.5 to time t; and formulate a

Theorem 6.14.
... : : : D?
l l orro]
b b b b

¥(t)

f(t)o—] oD ol — . .. —o L S OS] e g C L)
S1 k—1 Sk

Fig. 6.5. Composition of output-additive switching scheme with fractional constant-order
differ-integral from right-hand side, i.e., ODf (gD?(t)f(t)) =~(t) # gD?(t)Jrﬂf(t).

Lemma 6.13. [72] The fractional constant-order derivative in the Grinwald-Letnikov

form given by Def. 2.1 can be expressed by

h—0 h& £
Jj=0

a T t (¢ s
oD £(0) = Jimy oS- (%) 2 = )

o~

s (S () s S (e

_ (tlDf i oD;ﬁh)fa) DR = (OD? - onzh)m,

where h is a step time and 0 < ty < t.

Theorem 6.14. [72] The composition of output-additive switching scheme with fractional

constant-order differ-integral from right-hand side is expressed by

oDy, 1. DI oD f(8) = (1) # §DE T f (1), (6.15)
——— ——

S0 f(8)
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for a(t) # const and  # 0.

Proof. Let us begin with (6.14), when the composition property holds and time t = ¢,

nDILDGDY F(1) = EDIOT £ (1), (6.16)

Applying the commutative property of fractional constant-order derivative (2.3) and

Lemma 6.13 to (6.16), we can extend this equation to the following form

(oD?; - oD?f_h> 0D7,0Df? f(t) = oD oDp,oDi f(£) — oDF , oDj 0Dy f (t)

= oDy, <0D “h +t1D?21>0D °f(t) — oDy hoD oDy f (1)

= oDy 1, D& Do ()+0Dt20D oD f(t) — oDEY oDy oD f(t)
= (t) + oDp,oDI"_oD £(t) — oD, oDy oD £ (2).

Comparing above to Theorem 6.14 ends the proof. [ |

6.6 Experimental setup

An analog realization of switching system, directly based on £-type fractional variable-
order integral, is presented in Fig. 6.6. The fractional integrators are realized using
domino-ladder approximations. Due to the use of operational amplifiers, the signals with
inverted polarization are obtained. This required amplifiers with gain —1 for each integra-
tor (amplifiers Ay and Ay). In setup the scheme based on amplifiers A; and Aj contains
resistors R and fractional order impedances Z;, Z,. As a realization of switches S; and
S, integrated analog switches DG303 are used. The experimental circuit is connected
to the dSPACE DS1104 PPC card with a PC. At the beginning, switches S; and Sy are
in position a and after order switching, at time instant 7', both switches change their
positions to terminals b. At first, the experimental setup contains A; and A, amplifiers

and after switching time, the amplifiers A3 and A, are added.

6.6.1 Results of the £-type integrators

Example 6.15. [31] Integrator with order switching from oo = 0.5 to a = 1.

In this case, the scheme presented in Fig. 6.6, contains the following structure: Z; and
Zy are the half-order impedance, R = 100k{2. The identification results are obtained by
numerical minimization of time responses square error with sampling time 0.001 s and

input signal being u(t) = 0.1-1(¢) V.
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R
o—"\NN\ R
Ay
Vin(t) f Ay
I
is\%
b, 7t Zs
LI R

b r R

a I Ay S

Vout (t)

Fig. 6.6. Analog realization of the £-type fractional variable-order integrator.

After identification process the following models for orders —0.5 and —1, in time

domain, are obtained:

y(t) = OD;O‘Salu(t) = 1.350D;0'5u(t),
y(t) = OD,flaQu(t) = 1.880D;1u(t),

which gives rise to the following variable-order integrator:
y(t) = §D; " fa(t)u(t)]
where (for the switching time T'= 0.1 s)

1.35 fort < 0.1,
1.88 fort > 0.1,

and
0.5 fort<0.1,

1 for ¢t > 0.1.

a(t) =

Identification results and the difference between step responses of analog model and
its numerical implementation are presented in Fig. 6.7 for order o = 0.5, and in Fig. 6.8
for order a = 1.

The experimental results compared to numerical implementation of the £-type variable-

order integrator are presented in Fig. 6.9.
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-3
0.14 : : : : : : : 310" : : : : : :

-=-numerical implementation o
012+ —output of analog model 1 25¢ 1

v
v

. . . 205 . . .

0 I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

t[s] ts]

Fig. 6.7. Identification results of constant-order o = 0.5 integrator (left) and their modeling error

(right).
-3
0.16 ‘ ‘ ‘ ‘ ‘ ‘ ‘ pral ‘ ‘ ‘ ‘
-——numerical implementation
0.141 —output of analog model . 1 3r R
0.12f ~ i
2t J
0.1 1
7 - 1 1
>0.08 g s
= 0 i
0.06 1
o ’ A+ 4
0.04 i
0.02F — 27
0 . . . . . . . 3 . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0 0.2 0.4 0.6 0.8 1

t[s] ts]

Fig. 6.8. Identification results of constant-order o = 1 (left) integrator and their modeling error (right).

-3

0.16 ; ; ; ; ; ; ; 510° ; ; ; ; ; ;

-=-numerical implementation
0.14 7 —output of analog model 4+ 1
3l |
] 2r 7
= =

| il |
0 1
At 4

0.02 . . . . . . . o . . . . . . .

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

t[s] t[s]

Fig. 6.9. Results of analog and numerical implementation of the £-type integrator with switching
order from « — 0.5 to @ = 1 (left) and their modeling error (right).
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Example 6.16. Integrator with order switching from o = 0.25 to a = 0.5.
In this case, the scheme presented in Fig. 6.6, contains the following structure: Z; and
Zy are the quarter-order impedance, R = 16k(). The identification results are obtained
by numerical minimization of time responses square error with sampling time 0.001 s.
After identification process the following models for orders —0.25 and —0.5, in time

domain, are obtained:

y(t) = oD; " aju(t) = 1.44D; " Fu(t),
y(t) = oD; “Pagu(t) = 2.1oD; *Pu(t),

which gives rise to the following variable-order integrator:

y(®) = §D " fa(t)u(t)],
where (for the switching time 7' = 0.5 s)

1.44 for t < 0.5,
2.1 fort > 0.5,

and
0.25 fort < 0.5,

0.5 fort>0.5.
Identification results and the difference between step responses of analog model and its nu-

merical implementation are presented in Fig. 6.10 for order a = 0.25, and in Fig. 6.11 for

order « = 0.5. Finally, the experimental results compared to numerical implementation

output of analog model ‘ - ‘, "
0.7 {— numerical implementation 1 0.02
L 1 0.015
0.01
_ __0.005
2, 2
0 il
-0.005
0.1r 1 -0.01 1
0r 1 -0.015
01 . . . . 0.02 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t[s] t[s]

Fig. 6.10. Identification results of constant-order o = 0.25 integrator (left) and their modeling error
(right). The input signal equals to 0.5 - 1(¢) V.

of the &-type variable-order derivative are presented in Fig. 6.12.
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T T 0.02
l output of analog model
0.7 —— numerical implementation 0.015
0.6
0.01
051
_. 04r _ 0.005
= 2
03r ot
02r
-0.005
0.1
ol -0.01 -
0.1 . . . . 20.015 . . . .
0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1
t[s] t[s]

Fig. 6.11. Identification results of constant-order o = 0.5 integrator (left) and their modeling error
(right). The input signal equals to 0.3 - 1(¢) V.

0.7 T T T T 0.02 T T T T
output of analog model
0.6 |——numerical implementation ]
0 1
0.5 1
i ' . | -0.02 ]
S S
-0.04
-0.06
ol
01 . . . . 0.08 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t[s] ts]

Fig. 6.12. Results of analog and numerical implementation of the £-type integrator with switching
order from o = 0.25 to a = 0.5 (left) and their modeling error (right). The input signal equals to
0.3-1(¢) V.

6.6.2 Results of the £-type inertial systems

Providing the E-type fractional variable-order integral (Fig. 6.6) into forward path in
unity feedback loop shown in Fig. 6.13 there is a possibility to make a realization of

E-type fractional variable-order inertial system.

u(t)o O

epx®) oy(t)

Fig. 6.13. Realization of the £-type fractional variable-order inertial system based on fractional
variable-order integral system presented in Fig. 6.6.

Example 6.17. |

In this case the scheme presented in Fig. 6.6 takes the same structure as in Exam-

| Inertial system with order switching from —0.5 to —1.

ple 6.15. Thus, the parameters’ identification of half- and first-order integrals are shown
in Fig. 6.7 and Fig 6.8. The identification results are obtained by numerical minimiza-

tion of time responses square error with sampling time 0.001 s and input signal equals to
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u(t) = 0.5 - 1(¢t) V. Until switching time, the S; switch is connected to terminal marked
as a, and Sy switch is connected to terminal b. After switching time (7" > 0.1 s) switches
change their positions.

Identified variable-order inertial system has the following form:

y(t) = §D7 a(t) (u(t) — y(t))] .

where (for the switching time 7' = 0.1 s)

1.35 fort < 0.1, ; —0.5 fort<0.1,
1.88 for ¢t > 0.1, -1 for t > 0.1.

The experimental results of fractional variable-order inertial system with order switching

between —0.5 and —1, compared to their numerical results, are presented in Fig. 6.14.

3 %107

output of analog model
0.4} |~ numerical implementation

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t [sec] t[s]

Fig. 6.14. Results of analog and numerical implementation of the £-type inertial system with
switching order from —0.5 to —1 (left) and their modeling error (right).

Example 6.18. Inertial system with order switching from —0.25 to —0.5.

In this case the scheme presented in Fig. 6.6 takes the same structure as in Exam-
ple 6.16. Thus, the parameters’ identification of quarter and half order integrals are shown
in Fig. 6.10 and Fig 6.11. The identification results are obtained by numerical minimiza-
tion of time responses square error with sampling time 0.001 s and input signal being
u(t) = 0.5-1(¢) V. Until switching time the S; switch is connected to terminal marked
as a, and Sy switch is connected to terminal b. After switching time (7" > 0.5 s) switches
change their positions.

Identified variable-order inertial system has the following form:
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where (for the switching time 7' = 0.5 s)

1.44 fort < 0.5, ) ~0.25 fort<0.5,
2.1  fort>0.5, —0.5 fort > 0.5.

The experimental results of fractional variable-order inertial system with order switching

between —0.25 and —0.5, compared to their numerical results, are presented in Fig. 6.16.

0.02

035 output of analog model
— numerical implementation

0.015 [

0.01

0.005

v

-0.005

-0.01

-0.05 : : : : 0.015 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t[s] ts]

Fig. 6.15. Results of analog and numerical implementation of the £-type inertial system with
switching order from —0.25 to —0.5 (left) and their modeling error (right).

6.6.3 Results of the £-type inertial systems with initial conditions

Realization of the £-type fractional variable-order are shown in Fig. 6.13. To gather
data for £-type variable-order inertial system with initial conditions, the domino-ladder
structure of fractional order impedance is firstly loaded to the initial value of voltage and
then the scheme presented in 6.13 is running with u(¢) = 0. Until switching time the .S}
switch is connected to terminal marked as a, and Sy switch is connected to terminal b.
After switching time switches change their positions. The initial value of voltage for all

measurements is equal to 0.5 V and the sample time equals to 0.001 s.

Example 6.19. [29] Inertial system with initial conditions for order switching from —0.25
to —0.5.

In this case the scheme presented in Fig. 6.6 takes the following structure: Z;, Z,
are half-order impedances and resistors R = 16k{). To have £-type variable-order inertial
system it is necessary to identify the parameters’ of integral systems. The parameters’
identification of quarter and half order integrals are shown in Fig. 6.10 and Fig 6.11.

The identified variable-order inertial system with infinite initial condition has the

following form:
y(t) =D [a(t)(ult) — y(1))],
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where (for the switching time 7' = 0.4 s)

1.43 fort < 0.4, ) —0.25 fort < 0.4,
2.1 fort>04, —0.5 fort>0.4.

The experimental results of fractional variable-order inertial system with initial condition
for switching order between —0.25 and —0.5 at time T" = 0.4s compared to their numerical

results are presented in Fig. 6.16.

0.5

0.02

output of analog model
0.45 —numerical implementation| 0.015

041 0.01}

0.005

v
v

-0.005 j

-0.01 -

-0.0151

. . . 0.02 . . . .
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

t[s] t[s]

Fig. 6.16. Results of analog and numerical implementation of the £-type inertial system with initial
condition equals to 0.5V — switching from —0.25 to —0.5 (left) and their modeling error (right).

Example 6.20. [29] Inertial system with initial conditions for order switching from —0.5
to —1.

In this case the scheme presented in Fig. 6.6 takes the following structure: Z;, Z,
are half order impedances and resistors R = 100k{2. To have the variable-order inertial
system it is necessary to make a parameters’ identification of constant-order integrators.
The identification results are obtained by numerical minimization of time responses square

error with sampling time 0.001 s and input signal being u(t) = 0.3 - 1(¢) V.

e When S; switch is connected to terminal marked as a and S, switch is connected

to terminal b the identified system has the following form:

y(t) = 1.3oD; Pu(t).

e When switch S; is connected to terminal b and S, is connected to terminal a the

identified system has the following form:

y(t) = 1.75D;  u(t).
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The identification results of half- and first-order integral systems for input signal u(t) =
0.3-1(¢) V are shown in Fig. 6.17 and 6.18 respectively. The identified E-type variable-

0.45 T T T T T T T T T 0.015

output of analog model
—— numerical implementation

0.01

0.005 -

[\l

-0.005 1

. . . . . . . . . . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t[s] t[s]

Fig. 6.17. Identification results of constant-order ac = 0.5 integrator (left) and their modeling error

(right).
0.6 T T T T T T T T T 0.015
)
osh —— numerical implementation
0.01
0.005
=
0
-0.005
ol O S
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Fig. 6.18. Identification results of first-order integrator (left) and their modeling error (right).
order inertial system with infinite initial conditions has the following form:
y(t) = . D7 la()(u(t) — y ()]
where (for the switching time 7' = 0.3 s.)

1.3  fort < 0.3, —0.5 fort < 0.3,
a(t) = at) =
1.75 for t > 0.3, -1 for t > 0.3.

The experimental results of fractional variable-order inertial system with initial condi-
tion for order switching between —0.5 and —1, compared to their numerical results, are

presented in Fig. 6.19.
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Fig. 6.19. Results of analog and numerical implementation of the £-type fractional variable-order
inertial system with initial condition equals to 0.5V — switching from —0.5 to —1 (left) and their
modeling error (right).

6.7 Summary

The chapter consists of two parts. In the first part the theoretical background of &-
type fractional variable-order definition is introduced. It was proved that the E-type
fractional variable-order definition can be interpreted as the output-additive scheme. The
numerical approach for that switching scheme was deeply investigated. Next, the method
for considering the initial conditions in the form of finite and infinite length into £-type
fractional variable-order difference and into £-type variable-order derivative was proposed.
At the end of this part the composition properties of output-additive switching scheme
with fractional constant-order differ-integral from the left-hand side and right-hand side
were proved as well. It was shown, that the composition property holds, but only in
one direction, it is not commutative and depends on the sequence of composition. Then,
the theoretical considerations were experimentally validated in the second part of the
chapter. The experimentally obtained data for £-type: integral, inertial and inertial with
initial conditions systems were compared to their numerical implementations and show

high accuracy of presented method.
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CHAPTER 7

Conclusions

The thesis is addressed to analog modeling of fractional variable-order dynamical systems.
This work presents the particular types of fractional variable-order operators and their
switching order structures. The idea of switching schemes gives an overview onto variable-
order definitions and can be treated fairy as their interpretations. Moreover, presented
switching order schemes can be used to design and create the fractional variable-order
dynamical systems.

In the thesis, the identity between matrix forms of classical and recursive Griinwald-
Letnikov operators was proved. Further, the A-B-D- and E-type of fractional variable-
order operators were experimentally validated according to their switching order schemes.
It was shown that based on the A-,B-,D- and E-type integrators, the more complicated
variable-order dynamical systems can be realized. Next, the alternative multi-switching
analog model of the D-type definition was created. The major advantage of such alter-
native form, constructed directly based on half order impedance, is possibility to switch
the order of integrator between 0.5 and 1 in any desire time. Considering the initial
value of voltage occurring at domino ladder structures of fractional order impedance, the
scheme of involving the initial conditions into £-type derivative in the form finite and
infinite time was proved and experimentally validated for the rest recursive operators
(Griinwald-Letnikov, D-type operator). It should be stressed out, that the initial value at
the beginning of domino ladder structure has a big influence on the experimental results.
Presented approach of initial conditions in the form of infinite time for recursive opera-
tors is related to the case, when all capacitors in the half and quarter order structures are
loaded to the same value of voltage. The comparison of experimental and numerical data
for all fractional variable-order models show high accuracy of proposed methods.

As was turned out, among the variable-order derivatives introducing in this thesis, the
duality property can be applied. It means, that the composition of two particular types
of variable-order operators with opposite sign value of orders gives an original function.
Thus, in general, the order composition properties between the same types of variable-

order operators does not holds. It was a main motivation to prove the order composition



properties for the E-type variable-order operator with fractional constant-order differ-
integral in the Griinwald-Letnikov form. In this case, the side of composition has a
crucial significance and the commutative law does not hold. So, the composition of the
E-type operator with constant-order definition from left-hand side holds, and for opposite
case—does not.

As an overall conclusion for theoretical and experimental results, the final message
of this work can be reminded: the particular types of fractional variable-order operators
are equivalent to switching order structures, which can be used to analog modeling of
fractional variable-order dynamical systems.

Using the variable-order operators and their analog models creates some problems.
The first inconvenience is a growing up switching structure with every desire order. As
long as order varying is representing by additional fractional constant-order derivative
block (being the composition of current and desire order) at switching scheme, its analog
model becomes more complicated with every desire order. Moreover, sometimes to achieve
the desire order, the additional block refers to pure fractional constant-order derivative.
It is a really difficult to do under experimental conditions. Additionally, author tried to
validate experimentally the duality properties for variable-order operators. However, it
was a crucial problem to obtain strictly the same parameters of particular analog models
and what was already mentioned, in this case when one model refers to integrator, the
second one becomes a derivative. Also, a small discrepancy between parameter values
of particular analog models can be observed in experimental parts of the thesis, where
despite of using the same structure and nominal values of passive elements, sometimes
their identified parameters were slightly different. The inaccuracy of fractional constant-
order impedances has an influence on experimental results as well.

This work contains the succinctly description of variable-order operators but it still
does not exhaust the subject of variable-order calculus. Therefore, some open problems
can be highlighted. The fractional variable-order definitions appearing in the thesis are
in the form of Griinwald-Letnikov. However, the straight-forward definitions (A-type,B-
type) posses their equivalent integral forms (see [20, |) against to recursive variable-
order operators. So, finding the integral forms for the recursive fractional variable-order
operators can be treated as a next natural step.

Another pending issue is to figure out the parallel structures equivalent to recursive
variable-order operators. This may cause a situation, when a single fractional constant-
order derivative block in parallel switching-order scheme will represent a desire (final)
value of order. Thus, it will eliminate the problematic supplementary order block, occur-
ring in series switching-order schemes.

The existence of variable-order dynamical models requires new efficient control design
methods, which will recognize the varying nature of the model (plant). It is a next

approaching issue which is worth to be taken into considerations.
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